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Building on the recent extension of dependent type theory with a universe of definitionally proof-irrelevant
types, we introduce TT°PS, a new type theory based on the setoidal interpretation of dependent type theory.
TTOPS equips every type with an identity relation that satisfies function extensionality, propositional exten-
sionality, and definitional uniqueness of identity proofs (UIP). Compared to other existing proposals to enrich
dependent type theory with these principles, our theory features a notion of reduction that is normalizing
and provides an algorithmic canonicity result, which we formally prove in AGpa using the logical relation
framework of Abel et al. Our paper thoroughly develops the meta-theoretical properties of TT°S, such as
the decidability of the conversion and of the type checking, as well as consistency. We also explain how to
extend our theory with quotient types, and we introduce a setoidal version of Swan’s Id types that turn it into
a proper extension of MLTT with inductive equality.
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1 INTRODUCTION

Dependent type theories and in particular MLTT, as originally developed by Martin-Lof [1975],
provide an adequate framework for developing constructive mathematics and certifying software.
A core aspect of MLTT is the coexistence of two distinct notions of equality: a definitional equality
that records the equations automated by the system, and a propositional equality that is a type
internal to the system and thus can be used to do equational reasoning. However, the propositional
equality of MLTT lacks some extensionality principles that pervade mathematical reasoning, such
as function extensionality (funext). Since they are generally considered desirable, these principles
are sometimes added as axioms, but doing so results in a system with weaker computational
properties.

Throughout the years, several options to obtain a more extensional version of propositional
equality while preserving computation have been explored. The most successful lines of work can
be roughly divided into two groups: the ones using an observational equality, and the ones using a
cubical equality. Both notions build on the following fundamental idea: in order to obtain sufficient
extensionality principles, the behavior of equality in a given type should be explicitly specified for
every type instead of using a single definition that is parametric over the types.

The work on observational equality originated from the study of the setoid model of type theory
[Altenkirch 1999; Hofmann 1995], and a first attempt at a proper type theory that supports an
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observational equality satisfying funext has been been proposed in [Altenkirch et al. 2007]. In these
systems, observational equality equips every type with a setoid structure. This setoidal equality
satisfies the uniqueness of identity proofs (UIP), which states that all proofs of an equality are
equal; in other words, equality is proof irrelevant.

The other line of work is more recent and takes its roots in the formulation of the univalence
axiom [Kapulkin and Lumsdaine 2018; Univalent Foundations Program 2013], which gives a new
meaning to the equality between types: two types are equal when they equivalent. This can be
understood as an extensionality principle for the universe of types. In their search for a compu-
tational interpretation of univalence, Cohen et al. [2015] developed a notion of cubical equality,
which satisfies funext and univalence, but is incompatible with UIP.

Thus, observational equality and cubical equality are two diverging directions for providing
propositional equality with more extensionality. Altenkirch et al. [2016]; Capriotti [2017]; Voevodsky
[2013] advocate that the two solutions are actually complementary and can be integrated to a single
system with two universe hierarchies, one that satisfies univalence and the other that satisfies UIP.
While cubical type theory has been thoroughly investigated and even implemented in the Acpa
proof assistant Vezzosi et al. [2019], observational equality has not reached a comparable level
of maturity. Recent attempts to design a type theory based on observational equality are either
lacking an algorithm for type checking Sterling et al. [2019], or restricted to a single universe and
having computational properties only up to a conjecture Altenkirch et al. [2019]. Indeed, the latter
relies on computation in an enriched version of MLTT that features a universe of definitionally
proof-irrelevant types (noted hereafter Q;) as recently proposed by Gilbert et al. [2019], along with
a proof-irrelevant identity type that supports a strong eliminator. This theory has not been justified
yet, and it has even been shown not to be normalizing in presence of impredicativity Abel and
Coquand [2020].

In this paper, we define TT%, the first extension of MLTT + Q; with an observational equality
that satisfies UIP, funext and propext, and supports quotient types and countably many universes
—with a proof of normalization and canonicity formalized in AGpA.! Firstly, we remark that this
theory can only be derived in a system with some level of cumulativity, as it is required for certain
computation rules to be well-typed. This makes explicit some difficulties that do not show up in
previous works. Second, we remark that our version of observational equality can be equipped
with two elimination principles: a notion of type cast (or coercion) for proof relevant types, and
the standard eliminator of MLTT for proof irrelevant types, thus making all the setoidal structure
derivable from the standard eliminator. Funext and propext are obtained by specifying the right
computation rules for observational equality whereas UIP is obtained for free by interpreting
observational equality in Q.

The proof of normalization and canonicity is based on the use of logical relations defined in
AcDa using induction-recursion as initially developed by Abel et al. [2018] and later extended
to Q by Gilbert et al. [2019]. Compared to previous work on formalized normalization proofs,
we have added the support for a cumulative hierarchy with two universes, and we make a clear
distinction between inhabitants of proof-irrelevant types, which have no computational behavior,
and inhabitants of proof relevant types, which do. This key change allows us to add new principles
in Q without having to supply them with a computational behavior, trivializing for instance the
management of higher coherences of the cubical interpretation. In counterpart for this added
flexibility, normalization does not directly imply canonicity anymore, and a separate proof of
consistency of the theory is required to derive canonicity. This proof is done by defining a model

The formalization is available at https://github.com/CoqHott/logrel-mltt/, references to a particular file are done using
[myfile.agda] which directly points to the corresponding file on github.
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Singleton type
Observational equality
Type cast

Fig. 1. Syntax of TT°bs

for TT°", but as consistency is the only consequence that we need from the existence of a model,
the model can be defined in an extensional setting.

To illustrate the simplicity of extending MLTT +Q to TT°", we have implemented a simple version
in AGDA using rewrite rules, as recently introduced by Cockx et al. [2021] (file [setoid_rr.agda]).

Plan of the paper. In Section 2, we present the syntax and typing rules of TT°, focusing on its
notions of conversion and reduction. Then in Section 3, we develop the logical relation framework,
and the model from which we derive consistency. This shows normalization, canonicity and
decidability of typechecking for TT°. In Section 4, we explain how to extend TT° to support
quotient types, box types and squash types, as well as the standard identity type of MLTT, while
preserving meta-theoretical properties.

2 ATYPE THEORY WITH OBSERVATIONAL EQUALITY

TTOP has two cumulative hierarchies of universes. The first one, which we write U; (where i is
a natural number), is the usual universe hierarchy of Martin-L6f type theory. The second family,
which we write Q;, is the family of definitionally proof-irrelevant types, which means that any two
inhabitants of a type A : Q; are convertible. This corresponds to the two hierarchies presented
in Gilbert et al. [2019] and implemented in AGDA, except that we also introduce some cumulativity
features that will prove useful when interpreting equality in the universe of propositions and for
dependent function types. Having a proof-irrelevant hierarchy of types seems to be crucial to
interpret an extensional equality that satisfies UIP. Indeed, it trivializes all of the higher coherences
that naturally arise when considering proofs of equality between equalities, and provides a canonical
inhabitant for the type that encodes UIP, which is simply given by reflexivity.

2.1 Syntax of TT°"

The syntax of the sorts, contexts, terms and types of TT°" is specified in Fig. 1. The theory features
cumulative dependent functions (noted Hi ;(x : A). B) with p-equality, natural numbers, as well
as proof-irrelevant dependent sums (note(f A(x : A). B), a proof-irrelevant empty type (noted L)
and unit type (noted T). When B does not depend on A, we write A — B instead of II(x : A). B,
and A A B instead of 3(x : A). B. The capture-avoiding substitution of a variable x in a term A by
the term ¢ is noted B[x := t]. TT°* can also be extended with more primitives such as quotients
or general inductive types, but we defer the treatment of those to Section 4 to better focus on the
treatment of equality in the theory.
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Compared to MLTT with proof irrelevant types, there are two fundemental new ingredients in
TTOY. The first is a proof-irrelevant observational equality type t ~4 u that encodes equality of ¢
and u at type A, together with a term refl(¢) that witnesses reflexivity of this equality. The second
is an operation that casts a term ¢ from a type A to another type B according to a proof of equality e
between A and B, which is noted cast(A, B, e, t). This operation comes with a witness castrefl(A, t)
that casting between a type A and itself does nothing. Note that since observational equality is
proof irrelevant, any proof of equality between A and A is convertible to refl(A). The theory also
features a generic transport transp(t, B,u, t’, ) when A and B are proof irrelevant.

Observational equality is quite different from the usual Martin-Lo6f Identity Type, which is an
inductive type that computes via the J-eliminator. Instead, observational equality ¢ ~4 u should
be understood as an eliminator that reduces the type A to its weak head normal form, and then
reduces by pattern-matching on it, much like the path type from Cubical Type Theory. In particular,
the reduction rules for observational equality between two dependent products, or two types in Q;
provide us with function extensionality and propositional extensionality by definition.

2.2 Typing Rules of TT°

The typing rules of TT°" are presented in Fig. 2. They are based on four kinds of judgments: + T
(well-formedness of a context), I' + ¢ :%! A (typing of a term), T + t = u :%' A (convertibility of
terms), and T' + t = u :! A (weak-head reduction of relevant terms). To avoid clutter, we will omit
the ! annotations that denote the sort and level of a type as that can generally be inferred from the
context.” Similarly, we will often omit the annotations on the dependent function type and simply
write II(x : A). B ; except when the annotations are explicitly required to understand a rule. In all
the judgments, s denotes either ¢/ or Q.

Generic rules and universes. Rules CTx-NiL, CTx-Cons and VAR describe the usual formation of
contexts and typing of variables. Rule conv stipulates that type checking is done modulo conversion
of types. The formation rule for universes (Rule UN1v) states that both I/; and Q; are relevant types.
It is natural for Q to be proof-relevant, since its inhabitants are types which are not convertible to
one another despite being proof-irrelevant.

Dependent products. The formation of dependent products between a domain and a codomain
that have different sorts and universe levels is allowed. The resulting type has the same relevance
as the codomain, and a universe level that is higher than both the level of the domain and the level
of the codomain (Rule IT-Form). The sort of the domain and the levels of both the domain and the
codomain are collected as annotations to the dependent function type for the convenience of the
type checking algorithm. Note that the introduction of cumulativity in the formation of dependent
products is a necessary complication of TT°* as the rules that provide us with propositional
extensionality and function extensionality can only be well-typed in the presence of cumulativity.

Rules Fun and App are the usual rules of A-abstraction and application. Note that the sort and
level annotation are implicit as they can be inferred from the premises.

Existential types. TT" features proof-irrelevant dependent sums. They are required to describe
the behavior of observational equality between two dependent function types. We do not need
them to be cumulative so we keep the formation rule as simple as possible (3-Form).

We give a negative presentation of dependent sums with one introduction rule (Rule Pa1r) and
two projections (Rules FsT and SND). Note that because of proof irrelevance, the negative and
positive presentations are completely equivalent, and we do not need any rule to account for the

The interested reader may look at the AGpa formalization where all annotations have been made explicit.
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Ctx-CoNns VAR CONV
Crx-N1L FT  TrA:s; FT x:AeT Trt:A TrA=B:s;
Fe FOLx: A F'rFx:A T'rt:B
UnN1v II-Form 3-Form
FT T'FA:s; F,x:AI—B:s’ij THA:Q; ILx:ArB:Q;
—i<j - 'S
Thsi:Uj Prl (x:A)B:sy 75 T+3(x:A).B: Q;
Fun Arpr
T+A:s; Ix:A+t:B Trt:T(x:A).B Ttu:A
TrA(x:A).t:II(x:A).B I'+tu:B[x:=u]
PaIr Fst SND
'rt:A Tru:B[x:=t] Frt:3(x:A).B Trt:3(x:A).B
T+ (t,uy:3(x:A).B T+fst(t): A T + snd(¢) : B[x := fst(z)]
N-Form ZERO Suc
+T FT '+n:N
THN:U 'r0:N I'rSn:N
N-Erim

THFA:N > s5; TrHip:AO Trtg:II(n:N).An— A(Sn) Trn:N
T+ N—elim(A, to, ts,n) : An

1 -ForMm 1-ELim T-ForM T-INTRO
T T'rA:s; Trt:L T T
TrL:Q; I+ L—elim(A ) : A FrT:Q; Tr=:T

Eq-Form REFL
TrA:U; Trt:A Tru:A TrHA:U; Trt:A
Trt~qu:Q; Trrefl(t) :t ~at

TRANSPORT-Q2
TFA:U; Trt:A THB:I(x:A).t~4x—>Q; Tru:Btrefl(t) Trt':A Tre:t~uyt

T + transp(t,B,u,t’,e) : Bt' e

CasT CAsT-REFL
I'trA:s; T+B:s; Tre:A~sB TFrt:A THFA:s; T'rt:A IF're:A~g A
T + cast(A,B,e,t) : B T + castrefl(A, t) : t ~4 cast(A, A, e, t)

Fig. 2. TT°P Typing Rules

computational behavior of projections, nor n-equality. This is because any well-typed equality
between two inhabitants of a proof-irrelevant type is proven by reflexivity (modulo Rule conv).

Natural numbers. Strictly speaking, all inductive types could be excluded from the core of TT°,
and be considered as extensions. However, we decided to treat the example of natural numbers as
we feel it is both very simple and a good illustration.

The type N comes with a formation rule N-Form, constructors 0 (Rule Zero) and S (Rule Suc)
and an elimination/induction principle given by Rule N-Erim. Since we do not require cumulativity
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for the type of natural numbers, we decided to only allow it in the lowest universe Uy, but it could
be made to inhabit all relevant universes without added difficulty. Extensions to other inductive
types and quotient types are presented in Section 4.

Empty and Unit type. To encode respectively the true equalities and the absurd equalities, TT°"

features the unit type T and the empty type L. Besides its formation rule (Rule L-Form), the
empty type comes with an elimination principle (Rule L-Erim) that can eliminate it into both
proof-irrelevant and proof-relevant types. In MLTT with a proof irrelevant universe hierarchy, this
constitutes the unique connection between the proof-irrelevant and relevant types. This means
that the only way to use information from a proof-irrelevant term to build a proof-relevant term is
by using a proof of L, which amounts to proving that actually we are in an inaccessible branch or
impossible case. In TT°* however, there is another very different way of using proof irrelevant
information to build a proof relevant term, by transporting (or casting) along a proof of equality.

The unit type on the other hand only requires a formation rule (Rule T-Form) and a constructor *
(Rule T-INTRO). It does not require an eliminator, since the usual one can be derived from proof
irrelevance. Equivalently, we could have defined the unit type as L — L. Note that both the unit
type and the empty types are made cumulative, that is because they are used as terminal cases for
the computation of observational equality, which can live at any level.

Setoid equality and Type Casts. A central feature of TT° is that every proof-relevant type comes
equipped with a proof-irrelevant equality type, noted t ~4 u (Rule EQ-Form) and a canonical way
to inhabit it, by the reflexivity term refl(¢) (Rule RerL). It is not necessary to equip proof-irrelevant
types with a propositional equality, as two terms would always be propositional equal by reflexivity.
As we will see in the definition of reduction (Fig. 4), the equality type of TT°* should not be seen
as a type constructor like the identity type of MLTT, but rather as a type eliminator that computes
on its type argument and possibly on its two end points.

For this equality type to be of any use, we need to be able to eliminate it as well. The usual J-
eliminator defined in MLTT can be defined in our context, but if the predicate is proof-relevant, there
will be no hope for the eliminator to compute on reflexivity: since equality types are proof irrelevant,
there is no reduction of equality proofs, and we cannot do pattern matching on the equality proof
either. In order to avoid this issue, we restrict the use of J to proof-irrelevant predicates only, and
note it transp (Rule TRANSPORT-Q). Note that in this setting, the non-dependent version of the
eliminator would be enough, as one can prove the contractibility of singletons for free thanks to
proof-irrelevance [Univalent Foundations Program 2013]. Using transp, we can derive the usual
groupoid laws provided by the J eliminator, and we note e~! for the inverse of e, e - ¢’ for the
transitivity, and ap f e for the preservation of equality by non-dependent function.

To deal with elimination of equality in a proof relevant context, we introduce a cast primi-
tive that handles transport between two propositionally equal proof relevant types. Note that
our cast operation also applies to proof-irrelevant types (Rule Cast). This is unnecessary as
Rule TrRaNsPORT-Q subsumes this case, but it will allow us to write more uniform reduction rules.
The term cast(A, B, e, t) is an eliminator that reduces the types A and B in weak-head normal form,
then reduces by pattern-matching on their head constructors. This will be explained in more detail
in the next section. When applied to reflexivity, cast does not compute as the identity function, but
this equality is propositionally admissible as witnessed by castrefl (Rule CAST-REFL).

2.3 Conversion and Reduction to Weak-Head Normal Forms

Conversion (Fig. 3) subsumes reduction (REn-Conv), n-equality of functions (Rule y-EQ), and proof-
irrelevance (Rule PROOF-IRRELEVANCE). It is also closed under reflexivity, symmetry, transitivity and

Proc. ACM Program. Lang., Vol. 6, No. POPL, Article 32. Publication date: January 2022.



Observational Equality: Now for Good 32:7

REFL Sym TrANS Rep-Conv
Trt:A F'rt=u:A F'rt=t':A I'rt'=zu:A T'rt=u:A
T'rt=t: A T'ru=st:A T'rt=u:A T'rt=u:A
n-EQ PROOF-IRRELEVANCE
Trtu:II(x:A).B Ix:Artx=ux:B T+A:Q; Trt:A Trtu:A
F'rt=u:M(x:A).B F'rt=u:A

Fig. 3. TT°PS Conversion Rules (except congruence)

congruence. Note that 7-equality does not need to be defined when the codomain is in Q, because
of proof-irrelevance. Congruence rules are standard .

Fig. 4 describes the reduction in TT°. Note that since reduction is typed, one needs to add a
rule for type conversion (Rule Conv-RED). Reduction features the usual notion of f-reduction
(Rule S-rED), which corresponds to the computation rule of application (the eliminator of dependent
functions) applied to a A-term (the constructor of dependent functions). Similarly, rules N-ErLim-
ZERrO and N-ErLim-Suc describe the two computation rules of the eliminator of N, one for each
constructor of N.

As mentioned previously, the equality type and type cast operation of TT°P are eliminators, and
thus must come with their computation rules. Since ¢t ~4 u is an eliminator for the universe, it needs
rules for every type constructor. Rule EQ-Fun is the computation rule for dependent functions which
stipulates that two functions are equal when they are pointwise equal, thus naturally providing
TT°" with function extensionality. Rule EQ-Q says that two proof irrelevant types are equal when
they are logically equivalent, thus providing TT°® with propositional extensionality. Note that
cumulativity is required for this reduction rule to preserve typing, as the types A and B live in a
universe below A ~q, B.

There are three reduction rules for equality in &/. Rule EQ-UN1v stipulates that when the two
endpoints are both N or the same universe, the equality holds, which is captured by the fact that it
reduces to the unit type. Rule EQ-UN1v-# says that when the two end points do not have the same
head hd, the equality does not hold, which is captured by the fact that it reduces to the empty type.
The function hd A is simply equal to N or s; when A is the type of natural numbers or a universe
respectively, and is defined as (IL, s, i, j) when A is the type Hi ;(x : A). B. The third rule (Rule
EQ-II) says that two dependent function types are equal when their domain are equal, and their
codomain are pointwise equal (as type families) up to the equality on their domain. As for Rule
EQ-Q, this rule is well-typed only in presence of cumulativity.

There are four rules for equality in N, corresponding to every possible normal forms of the
endpoints. Equality holds when both endpoints are 0 (Rule EQ-zERO), computes to the equality of
arguments when both endpoints are successors (Rule EQ-Suc), and does not hold otherwise (Rules
Eg@-zEro-suc and EQ-suc-zero). This concludes the reduction rules for equality.

We can now turn to the description of the computation rules for type cast, which only need
to be defined when the types are compatible—otherwise the cast will be stuck.? Casting from N
to N is defined by recursion to be the identity on constructors (Rules Cast-ZErO and CAsT-Suc),
and casting a type from a universe to the same universe is the identity* (Rule Cast-Un1v). Finally,
casting between two dependent products is more involved: it produces a new function by casting
back and forth the argument and return value of the original function (Rule Cast-II).

3An alternative design would be to reduce to an elimination on the proof of equality which in this case has type L.
4We could also define it by recursion. It is not clear whether it makes any significant difference.
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32:8
B-RED CoNV-RED
I''x:A+t:B Tru:A T'rt=>u:A I'+A=B:s;
It (A(x:A).t) u=t[x:=u]:B[x:=u] 'tt=u:B

N-ELIM-ZERO
TrA:N > U; Trt:AO IF'ttg:(n:N).An— A(Sn)

I + N—elim(A, to, ts, 0) =1t :A0

N-Erim-Suc
THFA:N->U; Trtp:A0 Trts:MI(n:N).An—> A(Sn) Trn:N

I + N—elim(A, to, ts, S n) = tg N—elim(A, to, ts,n) : A (S n)

Eq-Fun Eo-Q
T'rf:II(x:A).B IF'rtg:II(x:A).B FT+A:Q; I'+B:Q;
i<j
T'tf~mapg=I(x:A).fx~pgx:Q; 't+tA~qg,B=(A—=B)A(B—A):Q;
E@-Un1v EQ-Un1v-#
FT A e {N,s;} T A,B € {N,TIA.B,s;} hdA # hd B
i<j<k i<j<k
TrA~y AT IrA~y, B= 1:Q
Eo-II
TFAA :s; Ix:A+B:s; Lx:A +B :§; a:=cast(A',A,e_1,a’)i<k
rp Ma:A)B~u (x:A).B = o, <k
A(e: A~y A).I(a" : A').Blx:=a] ~y; B'[x:=a"] "~
EgQ-zERO EQ-zERO-suC EgQ-suc-zZErRO
+T F'rn:N I'rn:N
THO~NO= T :Q; Frr0~ySn=1:0Q; TrSn~n0= 1:Q;
Eg@-Suc CAST-ZERO
'rn:N T'rm:N Tre:N~y N
I'tSm~ySn=>m~yn:Q; T+ cast(N,N,e,0) = 0: N
CasTt-Suc Cast-UN1v
F're:N~y N 'tn:N Tre:si~ysi T'FA:s;
T+ cast(N,N,e,S n) = S cast(N,N,e,n) : N T + cast(sj,sj, e,A) = A:s;
CasT-I1
T're:TI(x:A).B~yII(x:A").B I'rf:I(x:A).B a := cast(A’, A, fst(e) ™1, a)
. . ’ 4
cast(Il(x : A). BII(x : A").B',e, f) = (x: A). B

Tr A(a’ : A). cast(B[x := a], B [x := a’],snd(e) @/, f a)

Fig. 4. TT°PS Reduction Rules (except substitutions)

For our definition of reduction to be complete, we need to add rules that reduce the scrutinees of
eliminators to weak-head normal form (whnf), so the eliminator can then reduce by case analysis on
the whnf. Weak-head normal forms correspond to relevant terms that can not be reduced (Fig. 5).
They are either terms with a constructor in head position, or a neutral term, which correspond to the
stuck terms that can not exist in an empty context. Neutral terms are either variables, eliminators
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whnf w u= ne|ll(x:A).B|s;j|3I(x:A).B|N|L|T|A(x:A).t|0]|Sn
neutral ne == x|net| L—elim(A, e) | N—elim(P,t,u,ne)
|t ~neu | ne~ym|0~yne|Sm~yne
| ne ~¢4, BN ~yy, ne | II(x : A). B ~4, ne | cast(N,N, e, ne)
| cast(ne, B, e, t) | cast(N, ne, e, t) | cast(II(x : A). B, ne, e, t)
| cast(w, w’, e, t) (where w,w” € {N,IIA.B,s;}, hdw # hd w’)

Fig. 5. Weak-head normal and neutral forms

applied to another neutral term, or obtained from an inhabitant of L. In TT°?, inhabitants of a
proof-irrelevant type are never considered as whnf, as there is no notion of reduction of proof-
irrelevant terms. Substitution rules that implement reduction of scrutinees to weak-head normal
form are standard.

3 METATHEORETICAL PROPERTIES

In order for a type theory to be a reasonable candidate for implementation in a proof assistant, it
is desirable to have some control over its behavior and its semantics. There is a wide variety of
properties we can ask of a type theory; we will describe four of them and prove they apply to TT°,

Consistency. A theory is called consistent if it is impossible to use it to derive a contradiction. It
goes without saying that this property is of utmost importance if one wants to build interesting
mathematics. When proving a theory consistent, one should pay some attention to the meta-theory
where reasoning takes place, as a consistency result is really a reduction of the consistency of the
theory to the consistency of the meta-theory.

Normalization. If a type theory features reduction rules, one may want to make sure that by
repeatedly applying said rules, all terms eventually reach a normal form that cannot be reduced
further. One says that the reduction strategy is normalizing.

Canonicity. A term belonging to a type is called canonical when it can be explicitly built up
using the constructors of that type. For instance, an inhabitant of the type N of natural numbers
is canonical if it is an explicit numeral. If all terms of type N in an empty context normalize to a
canonical form, then the theory is said to enjoy canonicity for natural numbers.

Decidability of Type Checking. Finally, in order to implement a type theory in a proof assistant, it
is desirable to have an algorithm that, given a context I' and terms ¢ and A, decides whether t is an
inhabitant of A in context I'. This ensures users that when they find a proof for a statement, the
proof assistant can automatically check that their proof is correct.

In this section, we will prove these four properties for TT°. We first present our extension of the
logical relations framework developed by Abel et al. [2018] and later extended to Q by Gilbert et al.
[2019]. The framework provides a proof of normalization and canonicity from consistency, as well
as decidability of conversion and thus decidability of type checking. It has been formalized in the
Acpa development. Then, to get consistency and therefore canonicity, we develop a model of TT°
in a constructive set theory that supports inductive-recursive definitions and one Grothendieck
universe.

3.1 Normalization and Canonicity from Consistency

We now explain the proof by reducibility as initially formalized in AGpa by Abel et al. [2018]
and extended to Q by Gilbert et al. [2019]. The proof starts from untyped syntax [Untyped.agda],
with syntactical operations such as weakening and substitution, which are used to define typing
judgments [Typed.agda]. Abel et al. [2018] also identify the weak head normal forms: define a neutral
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F'ik, A A is a reducible type at level £ in context T
', A=B A and B are reducibly equal types at level ¢ in context T
Fiet:A t is a reducible term at level ¢ of type A in context T’
F'ret=u:A t and u are reducibly equal terms at level ¢ of type A in context I'

Fig. 6. The four judgments of the logical relation

term to be a term that has a variable in head position, which blocks reduction. Weak head normal
forms are then defined to be either neutral terms or terms that have a constructor in head position.
This is the notion that we extended to TT°* in Fig. 5.

From there, Abel et al. [2018] use induction-recursion to define a Kripke logical relation that
exhibits the structure and properties of well-typed terms, and implies weak-head normalization.
The proof builds up to the fundamental lemma, which states that any well-typed term is reducible
by induction on the typing derivation. Abel et al. [2018] prove this for a dependent type theory
with dependent functions, natural numbers and one universe. Gilbert et al. [2019] extends it with
one universe of definitionally proof irrelevant types.

In our work, we added support for two cumulative universe levels, existential types, proof
irrelevant axioms, setoid equality and cast. This doubles the size of the proof, getting it up to 20,000
lines of Agda code.

Our most novel contribution to the proof is our treatment of proof-irrelevant types. Even though
the theory studied by Gilbert et al. [2019] features proof-irrelevant types, their reducibility proof
extends reduction rules to the inhabitants of these types, and the normalization result applies to
them too. From this, Gilbert et al. [2019] derive an easy proof of consistency: any proof of L in an
an empty context will reduce to a weak head normal form, and the only weak head normal forms
that can inhabit L are neutral terms. But since there are no variables in the empty context, neutral
terms cannot exist, so L has no inhabitant in the empty context.

However, this strategy is not applicable in our setting: it seems difficult to devise reduction rules
for some terms that we postulated, such as castrefl, so that they reduce to a normal form. Therefore
we have dropped the notion of reduction rules for inhabitants of proof-irrelevant types in TT°,
and only prove normalization for proof-relevant types. We argue that this is more faithful to the
philosophy of proof irrelevance, and results in a proof that is completely agnostic about the proof
irrelevant content of the theory—we could postulate any consistent proof-irrelevant axiom and the
normalization proof would carry through.

Of course, this means that consistency and canonicity do not follow from normalization anymore.
The reason is simple: since we gave up any kind of control on the proof-irrelevant terms, we are
forced to consider them as neutral. This also adds neutrals to the proof-relevant world, as L-elim
can build inhabitants of proof-relevant types from inhabitants of L. Therefore, we need consistency
of TT° to show canonicity.

3.2 Definition of the Logical Relation

In this section, we define the (Kripke) logical relation that we used [LogicalRelation.agda], closely
following Abel et al. [2018]. For pedagogical reasons, we will present a somewhat informal version
of the logical relation, and refer the interested reader to the formalization.

The logical relation is indexed by a level #, which reflects the predicative nature of the universe
hierarchies: we first define reducibility at level 0 to characterize judgments that do not mention
any universe, then we use this relation to define reducibility at level 1 for judgments that mention
Uy at most, and so on. Therefore, the whole definition is done by induction on £. While our formal
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proof only features three levels, we describe a full proof with levels that range over N as this
does not add significant complexity to the argument. The logical relation features four kinds of
judgments presented in Fig. 6. As is customary in reducibility proofs [Girard 1972], these judgments
imply normalization, are closed under weak head expansion, and are verified by all neutral terms.
The judgment I I, A is defined inductively, while the three others are simultaneously defined
by recursion on a derivation of T I, A. Thus, these judgments technically depend on the specific
derivation of " I, A, but since two different derivations will give rise to equivalent judgments we
freely ignore this dependence.

We now present the six cases in the inductive definition IT' I, A, together with the definition of
the other three judgments.

Neutral Types.
I'rA="N:s; neutral N
T A
This rule states that A is reducible to a neutral type: I' + A =* N : s; means that A reduces to a

neutral term N in a finite number of steps (possibly zero), and that both A and N are of type s; in
context I'. When A is reducible to a neutral type, we define:

e I' i, A = B if there is a neutral term M suchthatI' - B=* M :s; andT'F N = M : s;.

If A is a proof-relevant type, then we also define:
e I' b, t : Aif there is a neutral term n such thatT' -t =* n: N.
o I' Ik, t = u : Aif there are neutral terms n,m suchthatI' vt =* n: NandT'+u =" m: N,
andTFn=m:N.
If A is a proof-irrelevant type, then we define instead:
eI, t:AifT+1t: A
eTht=u:AifT+t:AandT +u: A

More generally, inhabitants of proof-irrelevant types are always reducible when they are well-typed.

Universes.
TrA="s;:Uj,,
Tk A =
When A is reducible to a universe, we define:
el A=BifT+B="s;:Uj.
e T I, t : Aifthere is a normal form ¢’ such that T + t =* ¢’ : 5;, and T I+; ¢ (which is already
defined by induction hypothesis, since i < ).
e 'k, t = u: Aif there are normal forms ¢/, u’ suchthatT ¢t =" ' :s;and T+ u =" v’ : s;,
andT w; t,T r; u,and T - £ = u.
Natural Numbers.
T'rA="N:UY;
T'kre A
When A is reducible to N, we define:
eI+, A=BifT+rB="N:Uj.
o I' I, t : Aif there is a normal form ¢’ such thatT v t =* ' : Nand I Iy ¢/, which is
inductively defined by

'ty t Trn:N n is neutral

by 0 Ty St Ty n
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e I' I, t = u : Aif there are normal forms t/,u’ suchthatT' +t =* ¢/ : Nand T+ u =" v’ : N,
and T Iy t' = v/, which is inductively defined by

Ty t=u F'tn=m:N n, m are neutral

Ty 020 Ty St=Su Fiky n=m

Dependent Function Types.
TFA="TI(x: F).G:sg
I'rF:s; ILx:FrG:sj VA p. A Flp] VAp. Arpa:F[p] = A Glp,a]
YAp. Apa:Flp] = Aeb:F[p] = Awrra=b:F[p] = Awr;Glp,a] =G[p,b] ;&
T A i<k

This rule states that A is reducible to a dependent function type. We introduced quite a bit of
notation here. = is implication in the meta theory, i.e., the theory of AGpA. VAp is a meta-
theoretical quantification on an arbitrary well-formed context A and a weakening p that turns A
into I'. Applying such a weakening on the free variables of a term F that is a well-typed in context
I results in a term F[p] that is well-typed in context A. Given a term G in the extended context
Ix:Fandaterm A + a: F[p], we can apply p on the free variables of G except for x to get a term
in A, x : F[p], and then substitute x with a to get a term in A. The result is noted G| p, a].
When A is reducible to a dependent function type, we define:
e I' i, A = B if there are terms F’ and G’ such that

-T+FB="II(x:F).G :spand T +II(x: F).G=1I(x: F').G’ : s;

- YAp. A, Flp] = F'[p]

- VYAp. Arpa:Flp] = A, Glp,a]l =G'[p,a].
If A is a proof-relevant type, then we also define:

e T I, t : Aif there is a normal form t’ such that
-Trt="¢:II(x:F).G
-VYAp. Arpa:Flp] = AW, t'[p]la:G[p,a]
VAp. Awpa:Flp] = AW b:Flp] = Awrpa=b:F[p]
= AW, t'[pla=t'[p] b:G[p,a] ’
e I' Ik, t = u : Aif there are normal forms t’, u’ such that
-Trt="t :I(x:F).GandT+ru="u:II(x: F).G
-T+rt'=u:II(x:F).G
-Ttwpt:AandT o u: A
-VYAp. Arpa:Flp] = A t'[pla=u'[p] a:G[p,al.
If A is a proof-irrelevant type, then we define instead:
eTi,t:AifT +t:1(x:F).G.
eTiyt=u:AifTrt:II(x:F).GandT +u:Il(x: F).G.

Existential types. The definition of a type A reducible to an existential type is similar to those for
dependent function types, and the same holds for the notion of reducibly equal types. However,
the definition of judgments for terms is much simpler: as existential types are proof-irrelevant we
only ask them to be well-typed.

o I' -, A = B if there are terms F’ and G’ such that
-T+B="3(x:F).G :QrandT+3A(x: F).G=3(x: F).G : Q
- VYAp. A, Flp] = F'[p]

-VYAp. Arpa:Flp] = AW, Glp,a]l =G'[p,al.

eT i, t:AifT +t:3(x:F).G.

eTiyt=u:AifT+¢:3(x:F).GandT +u:3(x:F).G.

Proc. ACM Program. Lang., Vol. 6, No. POPL, Article 32. Publication date: January 2022.



Observational Equality: Now for Good 32:13

Empty type.
THFA="1:Q;
T're A
When A is reducible to the empty type, we define:
eI A=BifT+FB=" 1L:Q,.
e, t:AifTrHt: L.
el t=u:AifTrt: LandT Fu: L.
We do not have to add a case for T, since it can be encoded as L. — 1. There is no case for
t ~4 u either, because setoid equality is not a type constructor, but rather a type eliminator that
does pattern matching on A and its two endpoints t and u. Consequently, the only whnfs of the
form t ~4 u are neutral, and are handled by the rule for proof-irrelevant neutral types.

Embedding.

This case ensures that the logical relation is monotonic with respect to the level.

3.3 The Fundamental Lemma

Before stating the fundamental lemma for the logical relation, which basically amounts to com-
pleteness of the logical relation with respect to the typing relation, we establish the correctness of
logical relation, which is called the escape lemma by Abel et al. [2018].

LEMMA 3.1 (EscAPE LEMMA). GivenT I, A,
()THA:s.

2 IfTrpA=BthenTHA=B:s.

B) IfTirpt:AthenT FA:s.

4 IfTwrot=u:AthenT Ft=u:A

Proor. Straightforward induction on the logical relation. O

We can now state the completeness of the logical relation, a.k.a. the fundamental lemma [Fun-
damental.agda]. We state it here in a simple form but the proof, done by induction on the typing
derivation, requires us to generalize the induction hypothesis to consider reducibility under an
arbitrary reducible substitution. This is achieved, in [Abel et al. 2018] as well as in our formalization
[Substitution.agda], by defining the notion of validity, but we deliberately ignore this technicality in
the rest of the section.

LEMMA 3.2 (FUNDAMENTAL LEMMA).

(1) If T + t : A, then there is af such thatT I+ A andT I, ¢t : A.
(2) IfT+-t=u:A, thenthereisaf suchthatT I, AandT It =u: A

The fundamental lemma is proved by induction on the typing derivations. For most of the rules,
the proof is roughly the same as in [Abel et al. 2018; Gilbert et al. 2019]—with simplified proofs
for inhabitants of proof-irrelevant types. The proof relies heavily on reflexivity, symmetry and
transitivity of the reducible equality, stability of reducibility under reducible type conversion,
reducibility of neutral terms, and the fact that reducibility is stable by weak-head expansion. Our
extension to a cumulative hierarchy of universes and to proof-irrelevant existential quantification
requires numerous changes, but these do not pose any major difficulty—albeit the proof is by no
means trivial, as the arguments have to be spelled out in excruciating detail. We now focus on the
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two main typing derivation introduced by TT°?, Rules Eo-Form and CasT. Those two cases are
the consequence of the following lemmas.

LEMMA 3.3 (REDUCIBILITY OF CAST). For all levels ¢y, £, 65, £y, in a well formed context T, if:
(1) T kg AandT Iy, A’ andT ky A= A

(2) T g BandT ¢, B andT I, B=B’

3)Tre:A~;BandTre : A" ~; B

4Ty t:AandT kg t' : A" andT Iy t =t 1 A

thenT Iy cast(A, B, e, t) : B andT Iy cast(A, B, e, t) = cast(A’,B’,e’,t") : B.

Proor. The proof is by case analysis on the reducibility proofs of A, A’, B, B’. If one of these
proofs is introduced by embedding, then we recursively apply the lemma on the embedded proof.
Thus, it suffices to prove the lemma when all reducibility proofs correspond to a normal form. From
the proofs of reducible equality, one obtains that the reducibility proofs of A and A’ (resp. B and B’)
are introduced by the same rule. Then, if one of the normal forms is neutral, or if the normal forms
of A and B have different head constructors, then cast(A, B, e, t) and cast(A’, B’, ¢’, t’) are neutral
and easily seen to be reducible. Therefore, it suffices to prove the lemma when all the reducibility
proofs are introduced by the same rule. We now detail the case of dependent products, as it is the
most interesting.

We know that A reduces to a term of the form II(x : F4). Ga, as do A’, B, B'. Therefore, we know
that cast(A, B, e, t) reduces to A(a’ : Fg).cast(Ga[x := a],Gg[x := a’],snd(e) @', t a) where ais a
shorthand for cast(Fg, Fa, fst(e)_l, a’), and cast(A’, B, ¢’, ") reduces similarly. By the weak head
expansion lemma, it suffices to prove that these normal forms are reducible, and reducibly equal
at type II(x : Fp). Gp—that is, applying them to a reducible term a’ under any weakening results
in reducible terms that are reducibly equal, and applying the first to two reducibly equal terms
produce new reducibly equal terms.

To prove the first obligation, we first recursively apply the lemma to cast(Fg, Fa, fst(e)_l, a’)
so that we obtain reducibility of a, and then recursively apply it to cast(Ga[x = a],Gp[x :=
a’],snd(e) @', t a). The other two obligations are proved in the exact same manner. O

LEMMA 3.4 (REDUCIBILITY OF ID IN THE UNIVERSE). For all levels ¢y, £, 3, £y, in a well formed
context T, if:

(1) T g AandT y A" andT Ik A= A

(2) T g, BandT Iy, B andT ¢, B= B

thenT k;, A ~; BandT v, A ~; B=A' ~; B where £, = max(£y, &, 65, £4).

max max

Proor. The proof is by case analysis on the reducibility proofs of A, A’, B, B’. As in the proof of
Lemma 3.3, we reduce the proof to introduction rules that correspond to the same kind of normal
form. Most cases are straightforward, the difficult case being again the dependent products.

From reducibility proofs, A reduces to a term of the form II(x : F4).Gga, and so for A’, B and
B’. Thus, we know that A ~¢ B reduces to (e : F4 ~yy Fg).II(a’ : Fg).Ga[x := a] ~y Gg[x = d’]
where a is a shorthand for cast(Fg, Fa, fst(e)_l, a’), and A’ ~; B’ reduces similarly. By the weak
head expansion lemma, it suffices to prove that the first normal form is reducible, and reducibly
equal to the second one. We do this by applying reducibility of cast to get reducibility of a, and
then doing recursive calls on F4 ~y Fp and Ga[x := a] ~y Gg[x := a’] under the appropriate
weakenings and substitutions. O

LEMMA 3.5 (REDUCIBILITY OF ID). For all levels ¢, £;, in a well formed context T, if:
(1) T g AandT ty A" andT Ik A= A
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2Ty t:AandT kg t' : A" andT ky t =t 1 A
B)T g u:AandT vy u' : A" andT Fyu=u': A
thenT Ik t ~quandT kg t ~gu=t ~4 u'.

Proor. By case analysis on A and A’. The most difficult case is the universe, and is handled by
Lemma 3.4. The case of dependent products requires doing recursive calls on the domain and the
codomain, as in the previous lemmas. O

These lemmas constitute the bulk of the proof: they occupy approximately 5,000 lines of Agda
code and most of the time required to check the whole proof is spent on them.

COROLLARY 3.6 (NORMALIZATION). A direct consequence of the fundamental lemma is that any
well-typed term has a weak-head normal form.

Another direct consequence of the fundamental lemma is that any closed term of type N reduces
to a whnf of type N. Thus, to conclude canonicity, we just need to know that there is no neutral term
of type N in an empty context. Unfortunately, as the notion of reduction is absent for terms of proof-
irrelevant types, and in particular for the empty type, this cannot be proven by induction on the
syntax of the neutral terms. However, assuming consistency of TT°" (proved in Section 3.5), or in
other words that there is no closed term of type L, we can derive canonicity of TT°* [Canonicity.agdal.

3.4 Decidability of Typing
We first need to show that the conversion judgment is decidable. This is done by defining an
algorithmic version of the conversion of two terms ¢ and u which basically amounts to computing
the whnf of ¢ and u, comparing their head, and applying the algorithm recursively if necessary
[Conversion.agda]. Correctness of this algorithmic conversion is easily obtained, as the rules used are
special cases of the conversion judgement [Soundness.agda]. Then, we can show that algorithmic
conversion is also complete by replaying the fundamental lemma with a definition of the logical
relation that uses algorithmic conversion instead of typed conversion [Completeness.agda]. To do so,
the main difficulty is to show that algorithmic conversion is reflexive, symmetric and transitive. In
our formal proof, we follow Abel et al. [2018] in factoring the two instances of the fundamental
lemma by defininig a generic interface for both algorithmic conversion and typed conversion, and
using this interface in the definition of the logical relation [EqualityRelation.agda].

Then, to get decidability of type checking, we can simply rely on the work of Lennon-Bertrand
[2021] on bidirectional type-checking, which defines an algorithmic version of type-checking
provided that the theory enjoys subject reduction and decidability of conversion.

3.5 Consistency: The Setoid Model

TT° is designed to describe the behavior of constructive setoids. In order to justify this claim, we
build a model of TT°* where every context and proof-relevant type is interpreted as a setoid in
a constructive set theory with induction-recursion [Aczel 1978], following the seminal proof of
Hofmann [1995]. Then, by interpreting TT°" in this model, we can prove the following theorem,
which is the central missing piece of the metatheory of TT°P:

THEOREM 3.7 (CONSISTENCY OF TT°P). There is no inhabitant of L in the empty context.

We work in a constructive set theory that supports inductive-recursive definitions and one
Grothendieck universe. While it would be more satisfying to use a constructive type theory, as in
the normalization proof, it is significantly more challenging. This is because the interpretation of
the syntax in our model is only defined on well-typed terms, but should not depend on the typing
derivation. While properly establishing this in a typed context is non-trivial, the added flexibility
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of set theory makes the task straightforward. We will write N for the set of natural numbers in our
meta-theory, (x € A) — B(x) for dependent functions and (x € A) X B(x) for dependent products.

We define a setoid to be a carrier set A and a setoid equality predicate on A X A that is reflexive,
symmetric and transitive, which we write ~. Alternatively, we can define setoids to be small
categories such that morphism sets are subsingletons, and every morphism is invertible. We will
make use of both perspectives, and use the notation a ~ b to mean either the proposition or the
corresponding subsingleton. Given two setoids A and B, we write A — B for the set of functions
that preserve setoid equality. This set inherits a natural setoid structure from pointwise setoid
equality. A <> B denotes the set of setoid equivalences, which are pairs of setoid functions in both
directions that cancel. Given e € A <> B, the induced function from A to B is simply noted e, while
the other direction is noted e~!.

The setoid equivalence turns the (large) set of all small setoids Setoid into a groupoid, or in other
words a category where all morphisms are invertible. Given any setoid A, this allows us to define
dependent setoids as functions from A to Setoid that send setoidal equalities to setoid equivalences,
in a way that is compatible with composition and identity. Then, given a setoid A and a dependent
setoid B : A —; Setoid, we write (x € A) — B(x) for the setoid of dependent functions, with
pointwise equality. We also form a setoid Prop by using the set of subsingletons as the carrier, with
logical equivalence as the equality.

The central object in the setoid model is a dual hierarchy of small setoids U; and Q;, which
contain codes for the setoids and propositions that can be constructed in TT°P. We build these
universes of codes using induction-recursion: we define the sets U; and Q; by induction, and we
simultaneously use recursion on them to define interpretation functions el : U; — Setoid and
val : Q; — Prop, setoid equality on U; and Q;, as well as proofs that el and val preserve that setoid
equality. All of this is done under an external induction on i and is given in Fig. 7.

We have omitted quite a few bureaucratic proofs from this definition, such as the reflexivity,
symmetry and transitivity of ~, or the fact that el-eq is compatible with reflexivity and transitivity.
We also freely make use of the fact that equality is decidable on integers.

With this, we obtain two families of setoids U; and Q;, along with a dependent setoid el : U; —
Setoid and a setoid function val : Q; —; Prop. This construction turns the category of setoids
and setoid functions into a universe category in the sense of Voevodsky [2015]. Our model is a
contextual category/C-system built from this universe category. In the following, we describe the
construction of the setoid model without assuming familiarity with contextual categories.

We now use U; and Q; to define the types and the terms of the setoid model. From now on, we
will write s to mean either U or Q and we will also write cyy for any of crioq, cnou, cue and cryu.
Given a setoid T', a semantic type of level i over I is simply a setoid function I' —; s;. We write
these sets as Ty ; I'. Then, given a semantic type A over I, we define the set of semantic terms of
type A to be the setoidal dependent product (x € T') —; el A(x). We note this set tm A.

The contexts of our model are setoids which are inductively built from the terminal setoid as
sequences of types:

Con == e:Con
|  __:(T€Con)—Tyy; T — Con (Vi e N)
| __:(I'€Con)—>Tyy; T — Con (Vi e N)

Being telescopes of setoids, inhabitants of Con have an obvious interpretation as setoids: the
elements of I' € Con are dependent lists of inhabitants for all of the types and propositions in T,
and the setoid equality is inherited from pointwise setoid equality of lists.

We have all of the required blocks to get the structure of a category with families [Dybjer 1996]
and thus a model of MLTT.

Proc. ACM Program. Lang., Vol. 6, No. POPL, Article 32. Publication date: January 2022.



Observational Equality: Now for Good 32:17

U; = ¢cN:U;
|  cuu:(AeUj) = (el A -5 Uy) — U; where j, k < i
| cnou:(AeQj) = (elA—;Up) = U; where j, k < i
| cw:{jeN|j<i}>TU;

| co:{jeN|j<i} >V

Q; == cp:Q;

| cua:(AeUj) - (el A —5 Q) — Q; where j, k < i
|  cmoo: (A€ Q) — (el A—s Qp) — Q; where j, k < i
| c3: (A€ Q) — (el A—>s Q) > Q;

el : U; — Setoid
el cn = N
el (ciuy A B) (x € el A) —; el B(x)

val : Q; — Prop
val ¢ = 1
val (cryq A B) (x € el A) —5 val B(x)

Z: EEEQ]L)J AB) : 8{ € val A) — el B(x) val (cmoo AB) = (x € val A) — val B(x)
= Y -
el (co ) = Q val (c3 A B) = (x €val A) xval B(x)
_z_:Ul‘—>Ui—>PI’Op
CN ® CN = T
cruuAB=cquuA’ B = (ee AxA")x((x €eel A) -5 B(x) = B'(el-eq e x))
when j = j and k = K’
crouABrcaouA’ B = (ee€ A= A’)x((x € val A) » B(x) = B’(val-eq e x))
when j = j  and k = k’
cwjrcy = j=J
cojmcaj = j=j
~ = L otherwise

_~_:Q; - Q; = Prop
AxB:=val A & val B

eleq: (AeU;) > (BeU;) > A~B—elA o elB

el-eqeyen € = (xPx, x> x)
el-eq (ciyu AB) (ciuu A’ B) e == (f = (x > el-eq (e.2 (el-eq™! e.1 x)) (f (el-eq! e.1x)))
, f (x> eleq ! (e2 (eleqe.1x)) (f (el-eqe.1x))))
el-eq (cmou AB) (cau A’ B)) e == (f — (x > el-eq (e.2 (val-eq™! e.1x)) (f (val-eq™! e.1 x)))
, f - (x> eleq! (e.2 (val-eq e.1x)) (f (val-eqe.1 x))))
el-eq (cy j) (cu j) e = (xPx, x> x)
el-eq (cq j) (cq j) e = (xPx, x> x)

val-eq: (A€ Q;) > (BeQ;) > Ax~B—val Ao valB
val-eqABe = e

Fig. 7. The Setoid Model

3.6 Interpreting TT°" in the Setoid Model

We now describe how to interpret the judgments of TT° in the setoid model where: (i) a well-
formedness judgment + I" will be interpreted as a setoid in Con (ii) a type judgment I' + A : 5; will
be interpreted as a semantic type over the interpretation of I (iii) a typing judgment I + ¢ : A will
be interpreted as a semantic term of the corresponding semantic type (iv) a convertibility judgment
I' + t = u : B will be interpreted as meta-theoretical equality of the interpretations of ¢ and u.
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[Uilrx = cyi
[Qilrx = cqi
[y :F).Glrx = cn ([Flrx) (y — [ClryF x.v)
[A(y:F).tlrx = y+ ([tIryr xy)
[tufrx = ([tlr x) ([u]r x)
IN[rx = cn
[Olrx = 0
[Stlrx = S([tlrx)
[N—elim(P, to, ts,n)Jr x = N—elim(el o ([P]r x), [to]r x, [ts]r x, [n]r x)
[3(y:F).Glrx = c3([F]rx) (y = [Clryrx.y)

[twlrx = ([tIr x [u]r x)
[fst]rx = ([tlr x).1

ﬂsnd(t)ﬂr x = ([[t]]r x).2
[Llrx = co
[L—elim(A H)]r x = L—elim(el(JA]r x), [t]r x)
[t~aulrx = [tlrx~[urx inel([A]rx)
[refl(®)r x = eren
[transp(t,G,u,t’,e)Jr x = val-eq
[cast(A,B,e,t)r x := el-eq([A]r x, [B]r x. [e]r x. [¢]r x)
[castrefl(A, t)[r x := eiq

Fig. 8. Interpretation of TT°P in the Setoid Model

Since reduction is contained in convertibility, the model will necessarily interpret reduction as
equality—it is not fine enough to distinguish the two notions.

Our interpretation is defined by induction on the syntax of the terms, following Hofmann
[1993]. The context interpretation turns a syntactical context I into a setoid [I'] € Con. The type
interpretation turns a syntactical context I and a syntactical term A into an element [A]r € tm U;
for some i. The term interpretation turns a syntactical context I and a syntactical term ¢ of type A
into an element [¢]r € tm (el o [A]r).

The reader might notice that the type interpretation is really an instance of the term interpretation.
This is to be expected, since TTP features Russel-style universes, that do not separate types and
terms. As we cannot hope for every syntactical term to have an interpretation, we define the
interpretation as partial functions from the syntax to the model. In the definition by recursion, we
consider that whenever a term reduces to an expression that does not make sense, the interpretation
is not defined. It is possible to prove that the interpretation function is total when restricted to the
well-typed terms afterwards.

The interpretation of contexts is given by [e] := 1 and [T, x : A] := [I'], el o [A]r and variables
are interpreted as projections:

[[x]]l‘,x:A (X1, Xn) = Xp
[[xﬂ[‘!y:A (x1,0e0xn) = [x]r (x1, s Xp—1)

Then, the interpretation of the basic theory is not too surprising. Since terms correspond to
setoid functions, we define them by their behavior when applied to an arbitrary x € [I]. This is
defined in the first part of Fig. 8. Finally, to interpret observational equality and its cast operation,
we use the setoid structure of the universe: where e,.q is obtained from the reflexivity of setoid
equality, and eq is obtained from the behavior of el-eq on reflexivity.

In order to prove the soundness of our interpretation, we need to extend it to weakenings
and substitutions between contexts: Assume I' and A are a syntactical contexts, and A and t are
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syntactical terms. In case [T, x : A, A] and [T, A] are well-defined, let 74 be the projection:
7a: [Tx 1 A A] =5 [T, A]
(X, xA, Xp) F> (T, %A).
In case [T, A[x :=t]] and [T, x : A, A] are well-defined, we define the setoid function o; by:
o : [I,Alx =t]] -5 [T,x: A A]

(3, xX7) = (T, [t]r, xA).

LEmMMA 3.8 (WEAKENING). 74 is the semantic counterpart to the weakening of A: for all terms u,
when both sides are well defined, we have:

[ulrx:an = [ulra o 7a

LEMMA 3.9 (SUBSTITUTION). oy is the semantic counterpart to the substitution by t: for all terms u,
when both sides are well defined, we have:

fulx = tH]F,A[x::t] = [[u]]l“,x:A,A o ot

THEOREM 3.10 (SOUNDNESS OF THE SETOID MODEL).

(1) If + T then [T'] € Con.

(2 IfT+ A:s;thenelo [A]r € Ty, T.
(3) If T+t : A then [t]r € tm (el o [A]r).
4) IfTrt=u:Athen[t]r = [u]r

Proor. By induction on the typing derivations. O

Consistency of TT°* (Theorem 3.7) follows immediately from the soundness theorem: any
inhabitant of L in the empty context is interpreted as a setoid function from the one-element setoid
to the empty setoid, but no such function exists.

4 EXTENSIONS TO QUOTIENTS, ID TYPES AND INDUCTIVE TYPES

So far, we have defined and studied a minimal version of TT°". In this section, we consider several
extensions of the theory. In regular MLTT, adding a type generally means giving rules for type
formation, introduction, elimination and computation of the eliminator. In our case, we also need
to provide computation rules for equality of types, equality of terms, and cast. These extensions
have not been formalized in the companion AGpa development.

4.1 Quotient Types

Quotients are a ubiquitous construction in mathematics, and one that is famously difficult to handle
smoothly in MLTT. The usual way to handle quotients is via setoids, but since this structure is not
built in MLTT, all the functions between setoids, all the predicates, etc... have to be supplemented
with equality preservation lemmas—which appears to be quickly unmanageable.

In TT°P however, every type is already a setoid and every term preserves the setoid equality by
construction. This is a very comfortable setting for quotients, that can thus be added to the theory—
provided the relation that induces the quotient is proof-irrelevant. This can be seen as a limitation,
as noticed by Sterling et al. [2019], as it is generally impossible to extract proof-relevant information
from equality in the quotient type. This is in contrast with the development of higher inductive
types in the cubical setting [Coquand et al. 2018]. On the other hand, the positive consequence of
this limitation is that the elimination principle of the quotient types is fairly easy to manipulate in
TTObS.
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Quotient types are defined on a type A equipped with an equivalence relation on A
T'rA:U; I'‘+R:A>A—>Q IR :I(x:A).Rxx
F'FRs:(x,y:A).Rxy > Ryx T+HR;:II(x,y,z: A).Rxy > Ryz—>Rxz
I'+ A/(RRr,Rs,R;) : U;

Since the proofs of reflexivity, symmetry and transitivity appear everywhere but are proof-
irrelevant, we will generally omit them in the assumptions of the rules, and write A/R instead
of A/(R, R, Rs, R;). The only constructor of quotient types is the canonical projection: from an
element t of A, one obtains an element 7 (t) of A/R that is whnf, and equality between two canonical
projections reduces to R.

F'rt:A F'rt:A Tru:A
I'+x(t):A/R Tra(t) ~ar m(u) = Rtu:Q;

The definition of cast between two quotient types reduces when the casted term is a canonical
projection.

T'te:A/R~y AR T+t:A
T+ cast(A/R, A’ /R e, (1)) = m(cast(A, A’ fst(e),t)) : A/R’

Observational equality between two quotient types reduces to equality of the (proof-relevant
part of the) telescopes that define each quotient:

TFA:U; TrR:A—A—>Q TrA:U TrR:A A —Q
T+A/R~y A'JR = F(e: A~y A).TI(xy:A).Rxy ~q Rcast(A,A’,e,x) cast(A, A, e,y) : Q;

The eliminator for quotient types encodes the universal property of quotients: to construct a
function out of a quotient A/R, it suffices to give a function ¢, out of A such that if R x y, then their
images under ¢, are equal.

I'+B:A/R—s; TFity:I(x:A).Br(x)
[kt Ox,y:A).Tl(e: Rx y). (tx X) ~B z(x) cast(B x(y), B n(x), B e Lty y) I'+tu:A/R
T+ Q-elim(B, ty, t-,u) : Bu

The eliminator for quotient types has the obvious computation rule
I'+B:A/R—s; TFity:I(x:A).Br(x)
Frte:I(xy: A).TI(e : Rx y). (tr x) ~B x(x) cast(B x(y), B x(x), B e Litry) Trtu:A
I+ Q—elim(B, ty, t~, m(u)) = tz u: B (n(u))

There are also reduction rules that reduce terms to a weak head normal form under equality (of
the form A/R ~yy X, and x ~4/r y, 7(a) ~4/r y), and similarly for cast and quotient elimination,
as well as new congruence rules.

We now turn to the proof that the metatheoretical properties of TT°" are preserved by the
addition of quotient types. More explicitly, we extend the logical relation framework and its
fundamental lemma, as well as the setoid model, to quotient types. From there, we can replay our
proofs of consistency, normalization, canonicity and decidability.

Reducibility. We first extend the reducibility proof to quotient types. Since they add a new family
of types in normal form, we need to add a case to the logical relation:

T+ A="A"/(RRnRsR) : Ui
rrA U VAp. Arp A'[p] I'rR:A' = A - Q T'bR:TI(x:A").Rxx
TRy :T(x,y:A").Rxy—>Ryx T'+Ry:T(x,y,z:A).Rxy—>Ryz—>Rxz

T're A

Given a type A reducible to a quotient type, we define:
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e T I, A = Bif there are terms B’, Q, O, Qs, O, such that
-T+B="B/(Q 0Qr0s Q) : Ui
-VYAp. A A'[p] = B [p]
-TrH,R=Q:A - A - Q.
e I' I, t : Aif there is a normal form ¢’ such that T+ t =* ¢/ : A’/Rand T o ', which is
defined by

Tipt:A” Trn:AJR n is neutral
ko n(t) Tip n

e 'y t = u: Aif there are normal forms t',u’ suchthat T+t =* t' : A//Rand T +u =" v’ :
A’/R,and T o t' = u’, which is inductively defined by

Thpt=u:A 'tn=m:A"JR n, m are neutral

Tio n(t) = n(u) T'kop n=m

Then, the proof of the fundamental lemma can be extended to handle the new typing rules, as well
as the new cases of logical relation.

Interpretation in the Model. The type Setoid of setoids is naturally closed under quotients. Indeed,
given a setoid A, providing A with a relation R : A X A —; Prop that is reflexive, symmetric and
transitive is exactly the same thing as defining an equivalence relation on the carrier set of A that
extends setoidal equality. Then, A/R is simply defined as a setoid having A for its carrier set, and
the relation R as its setoidal equality. One can then easily show that A/R satisfies the universal
property of a mathematical quotient, which tells us that this construction is the right candidate to
interpret our quotient types.

However, our universe hierarchy U; is not closed under quotients, since its elements are induc-
tively built from N, universes and function types. Therefore, we need to modify our inductive-
recursive definition to account for them. In the definition of U;, we add a constructor

co  (A:Uy

(R:el A —>gel A—g Q)

(R : (x: el A) -5 val (Rx x))

(Rs : (xy :elA) > val (Rxy) — val (Ryx))

(Rt : (xyz:el A) »s val (Rxy) — val (Ry z) — val (Rx z))
U;

A

In the definition of el, our new constructor is handled as follows:
el (co ARR; Rs Ry) = (el A)/(Axy.val (Rxy))
In the definition of the setoidal equality on U;:
cQARR R Ry xcg AR RIR;R; = (e: A~ A")x ((xy:A) »s Rxy~R (el-eqex) (el-eqey))

and all of the other cases that involve cp and a different constructor reduce to L. We also need to
update the definition of el-eq:
el-eq (co AR Ry Rs Ry) (cgo AR RLR,R))e = (AxeleqAA elx, ).x.el—eq_1 AA elx)

Finally, the reader can check that we can extend the proofs of reflexivity, symmetry and transitivity

for ~ on Uj, as well as the proofs that el-eq is compatible with reflexivity and transitivity. This
defines a new universe that is closed under quotient type formation. We let the reader check that
the interpretation of the syntax that defines quotients can be done in this extended universe U;.
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4.2 1d Types

The reader may wonder if TT°* extends Martin-Lof type theory with inductive types: that is,
whether a judgment of MLTT is a judgment in the proof-relevant fragment of TT°%. Our rules
handle the universe hierarchy, dependent products, the natural numbers in the exact same way.
But there are some difficulties with Martin-Lo6f identity type inductive equality, and more generally
with indexed inductive types.

The first idea that might come to the reader’s mind is to use the proof equality types of TT°* to
interpret the I-types of MLTT. Sure enough, proof irrelevance will provide us with more definitional
equalities than what we require. However, we need to explain how we interpret the J eliminator
for proof-relevant predicates.

It is not too hard to design a term that satisfies the correct typing rule, for instance, the term

THA:U;
T'rt:A TrB:O(x:A).t ~4 x > Uj T'+b:Btrefl(t) Trt':A Tre:t~yt
T+ cast(Btrefl(t),Bt e, eqy(A t,u, t',e),b):Bt' e

where
eqr(A t,B,u,t")e := transp(t, A(x : A). A(e’ : t ~ x). Bt refl(A) ~ Bx ¢',refl(B t refl(A)), ', e).

But the computational behavior is not preserved: in general, this term will not reduce to u when
we substitute ¢’ = t and e = refl(¢). It might do when B is a closed term, but it certainly wil not if B
is a neutral term. More generally, there is no hope to interpret I-types as proof-irrelevant types:
I-types compute by doing reduction and pattern-matching on the equality proof, which cannot
happen in a proof-irrelevant context.

A very similar problem was encountered by Cohen et al. [2015] in Cubical Type Theory with
equality defined using the Path type, and solved by Swan [2016]. Following his ideas, we introduce

Id-types:

T'rA:U; T'rt:A Tru:A TrA:U; T'rt:A T'kee :Td(A t,u)
T+Id(A tu) : U; T+ Idrefl(t) : Id(A,t,¢) T Fe ~1d(Atu) e = T: Q;
THA:U;

Trt:A I'+B:I(x:A).Id(Atx) —s; T+ u: Bt Idrefl(t) T'rt':A T're:Id(Att)
T'+J(At,Bu,t',e):Bt' e

THA:U; Trt:A TrB:T(x:A).Id(ALx) —>s; Trb:Btldrefl(t)
T +J(At,B,b,t,Idrefl(t)) = u : B t Idrefl(t)

These rules mimic the behavior of inductive I-types, quotiented so they contain only one inhabitant
up to propositional equality. Observational equality between two identity types is defined as equality
of the telescopes of arguments, as for the quotient type:

THA:U; Trt:A F'ru:A v A :U; vt : A Tru A

Id(A t,u) ~y (A ') = L9,
J(e: A~y A).cast(A A e, t) ~a t' Acast(A A e,u) ~par i’ 7

I'r

We may hope to define computation rules for cast by simply reducing the equality proof to a
weak head normal form, and then commuting cast with the head constructor like we did for other
positive types. However, we quickly run into a problem:

TrAA :U; Trt:A T'rtu:A Tre:Id(Att) ~I1d(A,t',u")
T+ cast(Id(A, t, 1), 1d(A’, t', u’), e, Idrefl(t)) = ? : Id(A’, ', u’)
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We cannot reduce this term to Idrefl, because ¢ and u’ are not convertible in general—e only
provides us with a propositional equality ¢’ ~4+ u’. In order to fix this, we add a term Idpath(e)
that turns any inhabitant of e : # ~4 u into an inhabitant of Id(A, ¢, u).

F'rA:U; F'rt:A Tru:A Tre:t~usu
T + Idpath(e) : Id(A, t,u)

Then, the computation rule for cast on Idrefl(¢) can be defined as:
rrAA U F'rt:A Trt',u A Tre:Id(Att) ~Id(A ' u')

cast(Id(A, t,t),1d(A’, ', u"), e, Idrefl(t)) =
Idpath(fst(snd(e)) ™! - snd(snd(e)))

T+ (AL, )

We also need to account for this additional constructor in reduction rules:
THA:U;
Trt:A I'rB:I(x:A).Id(A t,x) —s; T+ b:BtIdrefl(t) Trt' :A Tre:t~gqt

J(A,t,B,b,t’,Idpath(e)) =
cast(B t Idrefl(t), B t’ Idpath(e), eqy(A, ¢, B, u, t')e, b)

: Bt/ Idpath(e)

rrAA :U; T'+tu:A Tre:t~4qu Trt,u A T're (1d(A tt) ~ Id(A', ¢, u')
cast(Id(A, t,u),Id(A", ', u’), ¢’,1dpath(e)) =
Idpath(fst(s.nd(e'))71 - ap (cast(A, A’,fst(e’),—)) e - snd(snd(e”)))

Along with congruence rules and reduction of the scrutinee of J and cast, these form the rules for
Id types.

(ALY, )

Relation with Setoid Equality. The introduction rule for [dPath proves that t ~4 uimplesId(A, t,u).
Conversely, if we have an inhabitant of Id(A, t, u), we can get a proof of t ~4 u by combining J to
reduce it to the case u = t, and refl(t) to inhabit ¢ ~4 t. Since both types are also contractible (for
both notions of equality), they are equivalent.

Reducibility Proof. In order to fit identity types in the normalization proof, we add another case
to the logical relation:

T'rA="Td(A tu) : U; Tirp A Tirpt:A Tirpu:A
T'ke A

When A is reducible to an identity type, we define:

e I' I, A = B if there are terms B’, ', u’ such that
~T+B=*1d(B,t' ) : U
-Twr, A =B
—Thpt=t: A
-Twreu=su :A.
e I' Iy e : Aif there is a normal form e’ such thatT' + e =" ¢’ : Id(A’,t,u) and T gy €', which
is defined by

Tre:t~pu Trn:ldAtu) n is neutral
T g Idrefl(#) T g Idpath(e) Tig n

e T I, e = f : Aif there are normal forms €', f' such thatT' + e =" ¢’ : Id(A’,t,u) and
I'rf="f:1d(At,u),and T rg € = f’, which is inductively defined by

Tref:t~qu
T g Idrefl(t) = Idrefl(t) T g Idpath(e) = Idpath(f)
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IT'tn=m:1d(A t,u) n, m are neutral

F'rg n=m

Again, the proof of the fundamental lemma can be extended to handle the new typing rules, as
well as the new cases of the logical relation.

4.3 Box and Squash

Box types embed the proof-irrelevant types into the proof-relevant world. They are useful for
a number of constructions: for instance, from a type A : U; and a proof-irrelevant predicate
P: A — Q;, one can build a subset type Z(x : A). O(P x) : U; whose inhabitants come with a proof
of P, but retain the computational behavior of inhabitants of A.

Another typical use of O is to define a singleton type on which it is possible to reason about
equality. Indeed, although T has only one inhabitant up-to conversion, it is not possible to state
this internally as equality on propositions is not defined. However, one can state contractibility of
the type OT and prove it, as it lives in /.

Box types can be defined as:

FT'rA:Q; THFA:Q; Trt:A T'rtu:0A F'rA:Q; T'rt:DA
I'r0A:U; I'rot:0A FTrt~gau=T:Q; T+ O—elim(t) : A
I'AB:Q; T'rAB:Q; T'rt:A I'te:0A~y OB

I'+0A~yOB=A~qgB:Q;j T + cast(OA, OB, e, ot) = ocast(A, B,e, t) : OB
Conversely, Squash types embed the proof-relevant world into the proof-irrelevant world.

THA:U; THA:U; Trt:A
T HA]: Q; Tkt = |A]

T+A:U; T'+P: Al = Q; T+itg:I(x:A).P|x| Tkt A
T+ S—elim(P,t4,t) : Pt

It is not very difficult to check that we can extend the logical relation, as well as Lemmas 3.3 and 3.4
so that they handle Box types and Squash types. Likewise, we can extend the setoid model and its
interpretation function, and obtain that these additions preserve the metatheoretical properties of
TTOMS,

4.4 Other Standard Inductive Types

So far, we have explained how to integrate integers and the identity type to TT°, but it is not
difficult to integrate 3-types as well. The rules for X-types are similar to the rules for 3-types,
except for the fact that the types live in U/, which means that we also need to define equality and
cast on X-types. We note (a; b) for pairs in X-types to distinguish them from pairs in 3-types.
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EQ-PAIr
T'ta:A T'tad :A T'+b:B[x:=aq] T'vb :B[x:=d] ¢ :=apBe

T'+ (a;b) ~sag (a’;b') = 3(e:a~y a').cast(B[x := a],B[x :==d’],e’,b) ~g b’ : Q;

Eo->
TrFAA :s; Ix:A+rB:s; Lx:A +B :§; a:=cast(A',A,e_1,a’)isk
ro 20 A).B S(x:A).B = o jsk
A(e: A~y A).I(d : A').B[x:=a] ~y; B'[x:=a"] "™
CaAsT-2

Trte:X(x:A).B~yZ(x:A").B Tta:A T'tb:B[x:=ad] a’ = cast(A, A, fst(e), a)

cast(Z(x : A).B,%(x : A"). B, e, (a;b)) =
(a’;cast(B[x := a], B[x := d’], snd(e), b))

I+ :3(x:A).B

We conjecture that the reduction of equality and cast for any indexed inductive types as defined in
CIC can be described, although we leave the general construction for future work.

5 RELATED AND FUTURE WORK

Compared to [Altenkirch et al. 2007], the most important ingredient in TT° is the use of definitional
proof irrelevance. This added flexibility in computations allows our recursors to enjoy proper
computational behavior on open terms, and it also lets us seamlessly treat universe hierarchies.
Moreover, the normalization proof for OTT relies on a normalization conjecture for a different
theory, unlike the normalization proof for TT%.

In [Altenkirch et al. 2019], the authors define a setoid model in MLTT + Q. Then, they interpret
a version of MLTT with proof-irrelevant identity types that support propext and funext in their
model, thereby providing a computational interpretation of these principles. However, handling
universes in their model requires some additions to MLTT + Q, and the resulting theory is only
conjectured to be normalizing. In contrast to this, TT° is a full-fledged type theory and does not
require any external model to compute.

Compared to XTT [Sterling et al. 2019], the strengths of TT°" are a normalization strategy that
exhibits canonicity, as well a full proof that conversion and typing are decidable. These properties
allow us to present a concrete implementation of our system in a proof assistant. In XTT however,
Sterling et al. show that typing cannot be decidable, as there is no way to deduce A ~ A’ and B ~ B’
from a proof of A x B~ A’ x B’. In order to fix this shortcoming, they suggest adding a “typecase”
operator, but argue against it since it forces the universe to be closed, thereby severely constraining
the possible semantics. In TT°, we obtain the injectivity of type contructors from the behavior of
observational equality in the universe. These rules somewhat constrain the semantics—for instance,
we cannot interpret TT°* in set theory using a Grothendieck universe as the interpretation of
U—but our universe remains open to the addition of arbitrary types.

The natural next step of our work is to implement TT°P inside Cog, LEAN or AGDA, which should
not be too difficult as all of them already feature a proof-irrelevant universe of propositions. The
main missing ingredient for a concrete implementation is a general description of the reduction of
equality and cast on arbitrary indexed inductive types, as explained in Section 4.4.

Another interesting line of work is the marriage of TT°" with cubical type theory in a 2-level
type theory setting [Altenkirch et al. 2016; Capriotti 2017; Voevodsky 2013], which could lead to an
implementation of TT°P in the cubical extension of AGpa [Vezzosi et al. 2019].
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