
Rules of Dependent Type Theory

Universes and contexts

Ctx-Empty

• context

Ctx-Ext
Γ context Γ ⊢ A : Typei

(Γ, x : A) context

Assumption
(t : A) ∈ Γ

Γ ⊢ t : A

Conversion
Γ ⊢ t : A A ≡ A′

Γ ⊢ t : A′

Univ-Form
Γ context

Γ ⊢ Typei : Typei+1

Dependent products / Π-types

Pi-Form
Γ ⊢ A : Typei Γ, x : A ⊢ B : Typej

Γ ⊢ Π(x : A) . B : Typemax(i,j)

Pi-Intro
Γ, x : A ⊢ t : B

Γ ⊢ λ (x : A) . t : Π (x : A) . B

Pi-Elim
Γ ⊢ t : Π (x : A) . B Γ ⊢ u : A

Γ ⊢ t u : B[u/x]

Computation rules:

− (λx . t) u ≡ t[u/x]

− t ≡ λx . (t x) (when t has type Π(x : A) . B)

NB: when the codomain B does not depend on A, we write A → B instead of Π(x : A) . B.

Dependent sums / Σ-types

Sigma-Form
Γ ⊢ A : Typei Γ, x : A ⊢ B : Typej

Γ ⊢ Σ (x : A) . B : Typemax(i,j)

Sigma-Intro
Γ ⊢ t : A Γ ⊢ u : B[t/x]

Γ ⊢ ⟨ t , u ⟩ : Σ (x : A) . B

Sigma-Elim1
Γ ⊢ t : Σ (x : A) . B

Γ ⊢ π1(t) : A

Sigma-Elim2
Γ ⊢ t : Σ (x : A) . B

Γ ⊢ π2(t) : B[π1(t)/x]

Computation rules:

− π1(⟨ t , u ⟩) ≡ t

− π2(⟨ t , u ⟩) ≡ u

− t ≡ ⟨π1(t) , π2(t) ⟩ (when t has type Σ (x : A) . B)

NB: when the second type B does not depend on A, we write A×B instead of Σ (x : A) . B.
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Natural numbers
Nat-Form
Γ context

Γ ⊢ N : Type0

Nat-Intro1
Γ context

Γ ⊢ 0 : N

Nat-Intro2
Γ ⊢ t : N

Γ ⊢ suc(t) : N

Nat-Elim
Γ ⊢ P : N → Typei Γ ⊢ p0 : P 0 Γ ⊢ ps : Π (n : N) . P n → P (suc n) Γ ⊢ n : N

Γ ⊢ Nind (P, p0, ps, n) : P n

Computation rules:

− Nind (A, p0, ps, 0) ≡ p0

− Nind (A, p0, ps, suc(n)) ≡ ps n (Nind (A, p0, ps, n))

Martin-Löf’s identity type

Id-Form
Γ ⊢ A : Typei Γ ⊢ t : A Γ ⊢ u : A

Γ ⊢ Id (A, t, u) : Typei

Id-Intro
Γ ⊢ A : Typei Γ ⊢ t : A

Γ ⊢ refl (t) : Id (A, t, t)

Id-Elim
Γ ⊢ A : Typei Γ ⊢ t : A

Γ ⊢ P : Π (x : A) . Id (A, t, x) → Typei Γ ⊢ p : P t (refl (t)) Γ ⊢ u : A Γ ⊢ e : Id (A, t, u)

Γ ⊢ J (A, t, P, p, u, e) : P u e

Computation rule: J (A, t, P, p, t, refl (t)) ≡ p

Sum types

Sum-Form
Γ ⊢ A : Typei Γ ⊢ B : Typej

Γ ⊢ A+B : Typemax(i,j)

Sum-Intro1
Γ ⊢ t : A

Γ ⊢ in1(t) : A+B

Sum-Intro2
Γ ⊢ t : B

Γ ⊢ in2(t) : A+B

Sum-Elim
Γ ⊢ P : (A+B) → Typei

Γ, x : A ⊢ p1 : P (in1(x)) Γ, x : B ⊢ p2 : P (in2(x)) Γ ⊢ t : A+B

Γ ⊢
match t with
| in1(x) 7→ p1
| in2(x) 7→ p2

: P t

Computation rules:

− match in1(t) with | in1(x) 7→ p1 | in2(x) 7→ p2 ≡ p1[t/x]

− match in2(t) with | in1(x) 7→ p1 | in2(x) 7→ p2 ≡ p2[t/x]

Empty type

Empty-Elim
Γ ⊢ t : ⊥

Γ ⊢ raise(t) : A

No computation rules!

Unit type

Unit-Intro

Γ ⊢ ⋆ : ⊤

Computation rule: t ≡ ⋆ (when t has type ⊤)
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