Rules of Dependent Type Theory

Universes and contexts
Ctx-EMPTY CTx-EXT ASSUMPTION
I' context I'=A: Type; (t:A)el
e context (T',x : A) context r-t:A
CONVERSION UN1v-FOrRM
F'Ft: A A=A I context
'+ TypeZ : Typei+1

LHt: A

Dependent products / TI-types

Pr-Form
I'=A: Type; Iiz: AF B: Type;

PEII(z: A). B : Typemax(,j)

P1-INTRO P1-Evrim
FHt:(x:A).B FFu:A

I'e:A+t: B
FEAXx:A).t:1I(z:A).B I'tu: Blu/z]

Computation rules:
— (Az.t) u=tu/z]

—t=Azx.(tx)

(when ¢ has type Il (z : A). B)
NB: when the codomain B does not depend on A, we write A — B instead of [T (z: A). B

Dependent sums / X-types

SiGMA-FORM
I'FA: Type; I'z: AF B: Type;

'-X(z:A).B: Typemax(i,j)

SicMa-ELiM1 SiGMA-ELIM2
FFt:¥(x:A).B

F'Ft:¥(x:A).B
PEm(t): A ['F mo(t) : Blmi(t)/x]

SIGMA-INTRO
't A FFu:B[t/x]

'k (t,u):¥(x:A).B

Computation rules:

(when ¢ has type X (z: A). B)
NB: when the second type B does not depend on A, we write A x B instead of ¥ (z : A). B.



Natural numbers

NAT-FORM NAT-INTRO1 NAT-INTRO2
I context I" context I'Ft:N
I' - N: Type, 'F0:N 't suc(t) : N

NAT-ELIM
'+ P:N— Type, F'kEpo:PO F'kps:1(n:N).Pn— P (sucn) 'kn:N

(3
I' - Nind (P, po, ps,n) : P n

Computation rules:

— Nind (A4, po, ps,0) = po
— Nind (A, po, ps,suc(n)) = ps n (Nind (4, po,ps,n))

Martin-Lo6f’s identity type

ID-ForMm ID-INTRO
I'-A: Type; 'kt A F'rFu:A I'-A: Type; 'kt A
LEId (A, t,u) : Type; It refl(t) : 1d (A, ¢, t)

Ip-ELIM
I'=A: Type; r=t: A

FEP:II(z:A).Id(At,z) — Type; Ckp: Pt (refl(t)) FFu:A F'ke:ld(At,u)
I'+J(At,P,p,u,e): Pue

Computation rule: J(A,t, P,p,t,refl (t)) = p

Sum types
SuM-FOrRM SuM-INTRO1 SUM-INTRO2
I'-A: Type; ' B : Type; I'Ht: A 'Ft: B
I' A+ B : Typeyax(,) F'tini(t): A+ B I'king(t): A+ B

SuM-ELIM
I'-P:(A+ B)— Type;
Dix:AFpr: P (ini(x)) Iz :BlEpy: P (iny(x)) '-t:A+B

match ¢ with
' |in(z)—p Pt
| in2(z) — p2
Computation rules:
— match iny(t) with | iny(z) = p1 | ing(x) —p2 = pi[t/a]

— match ing(t) with | iny(z) — p1 | ina(z) — p2 palt/x]

Empty type

EmMmpTY-ELIM
I'kHt¢: L

I'Fraise(t) : A

No computation rules!

Unit type

UNIT-INTRO

I'E%:T

Computation rule: ¢t =% (when ¢ has type T)



