Rules of Simple Type Theory

1 Types

A type is either...

— A — B (assuming A and B are types),
— A x B (assuming A and B are types),
— A+ B (assuming A and B are types),
— the empty type L,

— the unit type T,

— or a base type (we will only consider N as a base type).

2 Typing rules

Function types

ARR-INTRO ARR-ELIM
I''z:A+t: B I'+tt:A— B 'tu:A
'FXz.t:A— B I'Ftu:B

Computation rules:

— (Az.t) u = tu/z]
—t=Ax.(tx) (when ¢ has type A — B)

Product types

PROD-INTRO Probp-EvLiM1
I'k¢t: A I'uw:B I'Ft: Ax B
'+ (t,u): Ax B PEm(t): A

Computation rules:

(
7'('2<

— t=(m(t),m(t)) (when ¢ has type A x B)

- m{(t,u)) =t
- t,u))=u

Sum types
SuM-INTRO1 SUM-INTRO2 SuM-ELIM
I'Ht: A I'+t:B Fx:A-t: C

PRroD-ELIM2

I'Ht: Ax B
I'Fm(t): B
Iz:BFu:C I'v:A+B

I'ini(t): A+ B I'Fing(t): A+ B

match v with

'+ | inl(:v) — 1

Computation rules:

tlo/x]

— match ing(v) with | inj(x) — ¢ | ing(z) »u = ufv/z]

— match ing (v) with | inj(x) — ¢ | ing(z) — u

| ing(z) — u

:C



Empty type

No computation rules!

Unit type

Computation rule: ¢t =«

Natural numbers

NAT-INTRO1

'-0:N
Computation rules:

—04+t=t

— suc(t) + u = suc(t + u)

EMPTY-ELIM
'Ht: L

It raise(t) : A

UNIT-INTRO

I'E%:T

(when ¢ has type T)

NAT-INTRO2 NAT-SUM
I'Ft:N I'F¢t:N I'Fu:N
I'Fsuc(t): N 't+wu:N
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