Typed _Lumbdo. - calanlus
Tupe theory sturted as o Langu\aﬁ& {Zof defining makthematiesl .{Junctfons

Tn set U\eor\a , o .?uncl:fo/\ s tedhnically o sek | example:
O_? paurs , buk In proctice most _@uw\d:ioas e J:N—> N
definad u.smg L Pressions P:n > nxn+d

. E v
T\Opz t}\wnb modifies  this scheme i 2 ways jﬁ"‘wﬁ" Qg(ilﬁ;e
- :g.un(ﬁfonb dD not need ko have a name " Uo&h 3
noNYMows _(Zunctn‘onb e nobed as Mn.nxn+3
he “typing’ ¢ l:mdedbtd“ ot lbuilt out 13
- the '3""“2 v ment s ex O any tupe ul o
\oose tbpeb (ﬁ)d,lé, ), atrows (A—B) 3an producks (Ax'B)

examples = < N—N n= N diog = N—> N >IN
L= M.nxnt3 nz £(4) cl-‘ig = An.{n, "

comp = (=N x (W= N) — (N=>N)
comp = M)()‘t n«;ﬂ),(‘ni%).@)
4

5
4 _ kake 3:(\)\\-3 U\\)X(N'—’ ﬁ\l). The comiooslhion s de‘Z‘med as gollo«m:
2 - take T - N
3,4 — compwte the Components Ty (3) and TD,_(%)
5 — app\ub them £o % n order

This M- expression is a biE messy |  Tp make £ somewhal
more digestible | bépe theocists  wxThe Puranthesay 0/\(.3 when
neu’,sswg : )\%. Az TC, % (T, 9 x)

We can also ?.)(pand bindecs on  cackesian \oroob»cfs wnto Lomlpontmts

S Mg 4> At i (g %)

l.aa’cL»l we  may 3{,\13 tc‘jpe onnotabions in  binders  wohen u.se_@u.(
=3 N ('3«/51) e N (= N . 94 (9& *’)



Stmple £ theor

A l:-c)(?e theory, e a sek o¥ wlas  Eto produ(.& Such dp.@in&l:toas_
These rules showld kb ws wribe any. reasonalble da@.‘.nlELOn ,
anch @orbtd nonsensical st such o

wrong - (N— N) = N i _
- tupe mipmatoh = § expeds an orqument @
Wroma - )\£ ’ £\£ «— b\?’?e N, buk we_£ are %.‘v}ng %az N-—)N‘g

Conkexbts
Since mokhematics ofben work with assumptions (" let x be an tnEeaer...")
we genemlisa tupingy - Judgmenbs to include. o ontext o_f_ ass umptlons

For nstance - ;NaN,x:N\’x+2u£(5)=N,}se%u&f\f

assumpiond &sumpt{ﬁ Judamewb

|

—

ntext
“Lek .F be a£un&tior\ o,R_ Cko,bpe N—N. et ¢ be on Inteaer. Then EWne

teem at 2xP(5) has type N
Infum rulea

The rulea a@ a kype theor de.Ftno. whidh sequents hold , and whch
seg‘uwmb do not hold . ’”‘% hove the _?ollowtng geme/ro«l shape. -

r'—t:A-—)B r\’[A‘-A 1 P(g,VYLiSC.S EVL?Q(W ((A,lﬁ,
T+t u:B}cond,lulon

“T) s bype AoB in conbext T and uw hac bype A conkext T
ten €t has kbpaﬁ'm (ontext T >



Here. pre gll the Lﬂgerenw. rules O‘F simple Eﬁpe ﬂ\eorg,

x=AET
TFx:A
Lx:AVvE:B [pt:A—B Thru-A
TFAx.t-A—B Chretu:-B
FTFE-A [Fu:B Fre-AxB TFE:AxB
T\-(L,u)fAXB TI-TQ(.(:):A ri--rtz(e):B
THE:N FreE=N_ (bFu-WN
o -N [ Fsue(B)=0N MTreru:=N

We wan we these vules to derive juplgmev\ts by d\aining Ehemn

nN+ro:N
o n-NEF N nNFwn:-IN N NFA-p 1 = Suc(o\
derivelion pN Fnen: N N2 sN 2= sue(suc(0))

n- N Fhsnk 2: 1N
‘F M.(nanpZ : NN

Sine all the braaches are closed, the (onclusion (s a valid xe[uewi:

Se,wnd exam Ple =

a:[-]%s A Fo=|-—3
I riAr 5 (B0 < (A—8) g xh T Ted” ASB  grixiAbrzA

g:L_‘_],x:A\'THgﬂB—"C g:f-J =A™ B
’_’(a’;(gj(?(A—aC)/t-—A \- g (—l;z%n) p C_4
| 4= (820) % (A=0) Moty g (g ) - A= C

i >“3'>‘7"° ™9 (T4 %) = (B=C)x(A=B)>(A—C)




Egmh‘ions

\)JWH\ we de,eine L unckon Qs an e_xpresszor\ sudh  as

f:nio nxn+d , we understband that {(5) ts deflined as the
expression 5x5+3  (where we replaced every acurence of v with 55
We want kthe same H\Zné ko work with Anonymous ¥unctkmz

()\Y\. nxn+5) semething = some:l:\ninén 5om€t)\?nﬁ +3
The ol rwle may be written s (Az.t)w = t[4/,7], whee
t E‘/W 5 ) \l-_ /’L]

1,1 means (@Plfuce ave/rg ocLrence o{_) 2 with u®

Qince we also have products In our sustem , we want to add
o hq(\%ul o@ compwl:a(;fian rucles ‘Qo( Ehem ;| mosE u/\ol:oz.(v'izgr

T {t,u> =t and

These rules are f%P%tCVdé called  the B - rule _Por #md;?oru anol
Ehe B - rulea {Zor prodicts

f(-ruleA

For completeness, we want ko add that

- break'm% dowy\ a Paﬁr and pmeS ig back toﬁebh“ Oloeb V\Ou’\l‘/g,
<]T'4tl TEzb> = E

- ab:stradﬂn% and applé?ng immeali,ate[% Oeter does y\othl‘(\ﬂé.

\x .(‘; x) =t
These are.  called OL- rulea

n,{tuw=u



QurrCEEcahior\

Writin :eunct'wﬂs o(, several a;?uments using poirs is not
Super convenitent ... Recall our e.(!:,nttlon o.{l CamPosltLon -

comp - (N-—*N)%(N—BN}"’(N%N>
comp = N g . (Az . TG)(T(q) (*))

Tb?e theorists like re,\olacin? these with hioher ocder ‘Eu/\cl—.:onsl
baab &s, Quackions which outpuk another %unctlon;

Tor instance , consider an asbltrary  Lua ckion - AxB —C
we can tfansform it inte «a .?Lmrkiofl og (fspb A— (5 —’C)
\9\3 u\stn(z A pa(tla( appl(cal:{oA = f = Na. 2b. £<a, b>
(fn{lm“““g, ¥I(°) = £(a;—))

‘{f' is the curried form ofe

Convuﬁel\a/ onsider a Eanotton - A— (b“’C)

we can tronsPorm it into a dunction O‘Q l:('jre. Axp — C
b\j d&?intng %’ x = (% (w4 x\) (T, x)

(‘:\’ s the uncurried #o(m o{l %

Thus «wt have fwo trans.{?ormablons ; also writen as A= B —=>C
s - h wa
cury arrows dre maht assoc.aki
~— S N\
Y {
AxB —= C A— —C
(—cC)
Aancarr

One re,ad\'lb checks Ehat H\ﬁg are inverse to each other

The curried JEDrm a@ comp 5 ymere legilrle =
comp' = (N> N) — (N —=N)— CN"N>
omp’ = Ng. Ng» Ax. £(3%)

Tor £Wis reoson and manyg obher, E bheorists aload s pivilege
cureied _«Quncttons 3 i é P 9



wowwo\ c,orro,sEonolamc,e_
9 A ence
Tauke Ethe rules OQ the STLC

xr=AET

MTFz:A

Lx:Avt:-B FFe:=:A—>B T Fru-A

TFAx.t-A—B Trtu:-9

(hE-A  [Fu:B [bezAxB FHE:AxB
Tr(b,uY:AxB TEm(E)=A I+, (e) -8

pad Madi¥\b them sllghtlg, = - efase the terms

- replace x with N and fQPlaLO«

Ael” - with =

rrA

rAYS TtA=B TrFA modes
FFADB TFB peoaes
M+ A rks e ArB THARD

We obtain a set o.ﬂ rules whith (ook o ok (ike Ehe
rules of nakural deduckion, a System {Eor wrtbzng 1earmm(
ptoogs ,.¥r0m the 30s !

This 15 caled the CM(TS‘HOMJOVD{ carre,spor\olanoe. : STLC m
be undorstood cither o a sz\bbvm Lor d&PLm\n ;Fu,ncjclor\s/
orf as o s(\js(:@m {Zor \prt.bi,né proo¥> i nabudd deduckion

Recall %of tnstane our compos?.tfof\ .Qbmd:?or\

comp = (E--*C-)x(A—aEﬂ—a(A—)C)
comp = N g - ()\‘L . Tu(%) (Tl’.z(%)(*—)))
In the “ ool natavh:onl o becomar (B‘:;’C)/\LA"'DB)’)(A@C)
i.e. 0 proof thak lmplfw.JGED/\ 16 Eransikive _
More generaliy w@-\é ;@unc{;i’,on in the ST(LC proves a Cheatom
educiion _

(n  notural



Extendiné the STLC

Note. that we oare missing Sovne ‘oaica( enneckives - what
abouw dlgjuncklon and  neackion 7 The cules o_e o(;_ﬁuﬂbhoy,
in Y\Olbufm\ d&dm(kﬂon ofe  Ehe -@O“OUJL’)Z:

FFA T B LY’A\IB I AFC T, BFEC

TFAVB TFAVD rtC

This Suaéahs uddlng & new connrective Eo Ere STLC for
o\La")oLn\: sums  A+B

TFL:=A Frre-6
Chinl(E):=A+B lbinr (1) =A+R

The=pt® Tz:AbFun=C [ xBlv:C

match £ with
CE |w(x)=>u =C

e (x) D Vv

Now what abouk nagqb’on? Log icians like to emcede ne.gc&‘s‘on
as A = A1, where L s the Jalse proposition.
The fake proposition has 00\3 sne  rule

THL

—_—

rFA

In \:he: STLC | we odd a new empty bype L with the
:Y,o\\owmg cule -

[FE-L
T b voase(t) <A

Wikth this, we hove a complelr. ortspordence. natuex| deduction <« STILT



