Precdicate (%I(. & dgge/ndont ESE&

We have o complete correspondence between Ehe simplﬂvtgpeo&
M- caleulus  and  the (oglc. o.? proPos’g,l:Zon,s (-:)/V,/\/ -, L /.--)

T we want to do mokhematics ﬂ\au%h, Proposz,(:bona,l. logic s
o bk lmded. \Wo need predicakes (propesitions which oe! allowed
ko g‘mnti;M over ndividuals using  “dor all” and “Ehere exisks™)

In predicate [ogic / ‘Qbrst order Lozlu, we. haye Ltwo (aae,r.s :
- tre universe “of objecks (integers in Pemno Arithmebic,

sets tin EFC ceb (')Aeor'%) which ~has and
- the Loq&a,\ lager  (which has all the seen so
gar/ puws ¥, 4, = )

Bemple = 2 Yy, (x 1y =0) = (=0) v (3=0)

To account for ks richer lan%v«agg, we extend ouwr caladus
Q,mm the STLC to Olep@nolent 8[;2, bhe,ot‘} (the Q.ourv‘otb‘m
of Rocg, Lean, etc.)

We nobed thob the kgpes of STLC could play the role of
elbher datatypes or proposthion . In deperdedt type theory,
J(:'i)_?_ez will o 2 both roles Jimw\taneou«al}

N tl-bfe D-F inbeaars

N—/ N E\b‘ae 0.? 1“?@3“ .gunbtians

xSy EDPQ, °‘€ p(oogs that % s wal €o v

1—13 - 'azwl b\y)e oe Proo.es that 7(.:-2r ‘\mpli& »: z

;\_:i—: :l_:l\a mlxlng types - as - o(al:a’;:)p% anol t‘qu cay e P"OPOSIH"J

And most ’umportqntl , typ=e may depend on terms (hence the
name of  depondent type theory) e

')C‘.l}\lllz’:[}\jl—‘_')s: type x:N F Vedor x

- bype of x - buples
turme o?? f_nl:a,gus F



Universea

Another wo% 0? unde,rstanoung depenolent E s Vi
unversol Eﬁpt’-- We ol wortte ’\Bpe. for Ehe qe‘j?e o_g Eafe&‘

N:TDPE, [NXN:'TdPQ, A:T%/B:Ta‘;e_ {—-A—)&_Tng

Dependent es o when we can wribe funcklons Lrom
* tégpe- LFES:’\N—JN,--—) into TBPQ,¥ ?

o F e - Ty) b (Ve e
Likewise, the equality of tnteders © a Lunction Lrom
NxN to T:jpe or, tg(,urr{ed m = _@1 10

e : N —= IN— Type
we bend  bto wribe =y tnsteao\o.F e%w*"é’

o ¢ (eawlaw

Stee issued

Tupe s the € ol £ et we do not have Tupe : Tupe -
Iréieed, this woéj; Lfaol th? /aLbcontra,olfcﬁon similar bodfe%ué{’s

adok . Tnsteod, Tupe s member a.  lacaer wniverse
zg’capa wlled T 31? 0{2 J
Type 75 the Eype of “small” typer (N, NoN, MNx N..)
e, ts the bye of “A-lare’ types (T3e€, N = Tyee, Type xType )
Tbgezls the. type o£ “Z-Lage“ types

efc.




Quant'tg'wrs

How should guantifies work in depeadent Eype tw_ora?
Well, a p(oo.F a@ VeeN, 2+% 3% shoudd tell us Ehat
gur any g'wev\ N, we can find a pa‘0°€ 019 Kt1z %

Ta DTT, Y Ak oa tm:e and B(2) aq type which depends on z:A,
we can form  the t T (x:A). B(n), Carlao‘ e Jeweﬂdw\t product tjya.
Tts cbments are Fungtons whose  {npuk (:lj‘ae is A, but whase

outpuk type depencls on bhe nput

For ‘(nstunce/ assume  that ?: Tr(n: N) . Veckor n

Giiven any t=N, we can apply § to € and obtain :fb : Vector £
3 - Vecdkor 3
(2x2) - Netbor 2x2
('x,+2) - Vector (%1‘3,)

Thus the rules ;Por A&pend@\/\t, ProdMats Oce

Ehis judlﬁmw(: means  thak B
% a wel -Qormed tdpe a,gsum?f\j U, z-A

r — 1
A - Type |’, x:AFB:-Type ule ‘?O', .{).O(m‘i,n
[FT((’K=A).B:E?: Tr'JCk\ﬁ?@ 8

e conclusion s thab the
kSPQ TT()C '-f(),b S wQJl--gO('de

M, »:AFE:=B rule _£or (_or\s{:rmcting
TEN(@:A) .t = T (2:A).B plemeorts Q@ T‘—l::ﬁp@&

r\—(;-.T\‘('X,:A)-B I'\—t“/i vule _ecr %U\é' ewants
Thbu: B[] of - type

.-- alo 1th the -rule (}\')(.Q)M = L “/x]
ng WQM tl«a %}Zj-ru,le )\7(,-((:7(.) = (:[




Existential guantifier

A Proof a? 3 telMN, xtxy = showld tell us how *to wnsbruct
some eement ne N, and a proo,F that n+n3n  (Por that speafic
n that we cor\stmol:eol)

In DTT, ‘(.P A s a {;bpe and B () a Eype which depends on —L:A/
we can _eoan the tbpe S (n:A).B8(2) (alled @ dePe,ndg,nt Sum tJPQ‘
Its elemonts are paurs (l—,;u) o_f ssme t:-A and Seme «u = B(t)

(the tyee af the second wmember depends on Che Eype o_e the <Ft,nst memba«r)

Foc Lnstance , consider the Edpe 5 (n=N). Vector n

It e.lements are pm’,rs an inte er N and a n-aplel:
(3,[4,3,1)): = (n=N). Vector'n

Rulea ?or z - tggu

TEA:-Type T, x:AFB:Type  rule Jor Locmakion
FF2(1=A)-5=Tar'-

THE:=A Chkoa: BE(:/'L-L rule {lor wnstruckin
ThCE,ud: 7 (neA). B dements of & Z-bype

FEE:Z (x=A).B FThe=2 (x=A).B  cules Por usin
rFTt:A Fmb: BTy, cenet of 2-Epa
K4<t/ M) = ‘: th <t/'“> = g fw\e,g

(b, T E) =t 4() rule
Nondependent vs dependent Eypes

Observe that in case bhe & pe B does not depend on A,
- M (x:A).® has the Samz;,j fule s A—B
— 2 (nA) B has the same cudea as A xR

In dependent type bheory , itk s M{:omar\é, ko Olagino_
only T and Z ~and ko have producks and “acrews o3 special
0% o{z those -



The nakural numbers and vnduction

o0 _(?otf ;O dependent type H\eoré. includes
- T\ape unversea

- Tond Z tupes (which may be wed to simuwlate = and x)

In the STLC, we also mentioned

- bae o\altoltéw such as IN or Bool
— disloink sums A+P

~ the ompty tupe L

Theae.  Lhree Jf—'dpa have Ssomewhok semilor propabf@/ L
squnk  your es a bk, The .?.Dt n the brocd fomila o
‘me,w tﬁpeeé- Lk o see 5\nouo natwra| auwmbecs uoorka ?

XA

Hoithemakically,  thece o oo nike w0y Lo de{ztne, the tntegers -
e bthe smallest sekb Whioh conktavins O and whtich s o.de

under soaccessor. Ta bype Eheory, we define N a» the induchie
bype taowm}uo\ by = O-N

- Sw - N— N

Thd  we 5d: two introduckion ruwles -

ris wdl-.?ocmd T Fn-N we can we these ruwles bEo
FrO-N = o). construcy —all nabured nwmbers as
Fsu(r) N suc (suc (suc (suc __. (sw(O))_)))
Tre eluminakion rule(s) showld telk w how to define o Luackion

out of the nalucal numbers Eo an arbifrary Eype X- Defining

o~ .?.Mc,‘:.’\m : N — X  ameunts Eo  sauin
_ what ;?(0) :?'u.s é %

. whak _?(sw.(n)) is, \zno»«ﬁ/na wohat ¥(n) 'S

For igtone, be following  shald be o valid definition of
the _fao{or[al danction -



To ¥ormwlbe he dea qs  a JcLlijng vale ,  we introduce the

(e urscon OPMD\ICOf N -rec. I.P we wank Eo bulld o _e_w\c"-‘oﬂ

o@ bsp?. N—=X, and we know

~X2::X %3 is the Tmoge &f O

- x5 : N= (X=2X) %, Compuies {(ﬂ”) D we give Mt the
integer n and the reswlt of f(n

Then N-ree (X, %5, 15, n)  compukes L(n) Lrom Lhat. Here Is bthe

wiresponding  £aping rule :

Guc n) —aiven L (n) numper
r |

X:Tﬁpe z:x, ’;(,S:NQX‘_)X V\‘..IN
W-rec (X, 2. %5, n) = X
the result of £(n)

R(O) 1EV\ouo to compute an Uf{ﬂh’arg,

We also 8e)c some equ.aﬁions -
N-ree (X, Ko %, 0) = %o
N-fel-()(/ 7(-()/1.5I5lﬁ(—n) = xs n (N're(—(_x,xolxél h))

Our eaclier J&?Eﬂﬁbtol\ o,? Qacl;ar?,ox( can be encoded wibth Lhis
o‘verakof as fack = M, N-ree (N, 4, Ao Am, Suc(n’) x m)
The ceader may o_asflé check Baak the  ompukabion cules antail
Jack (2)=4, j(ace (5) =420  eke.

However, this cule oplu work to woasteack mno(epe,ndbml: ;Eun(_(‘.ion_s
N > X, Tn dependent “type bheory e also wamt ke construck
depandent  Puncbions of bype (n-N).7P.

Thw, we upf)rade owr recurslon operator to the \aduckion OPa{o*tot‘:

arbi(:rara,
Profwft& true af O presecrved by suC dement
)

— — ) J— < !
PN_’T\,)PC p,,:‘>D /Pé; ||('\3N)-’PY\—'ﬁ ’P(Suc n) rﬂ':['\l
IN-eltm (_?/ P‘HPS/") - Pn

Remask  Erak EWs 1s sb(fk’w\gl swnilor Fo Peano’s Inductlon on
/\D\k\ual r\umb@(‘SL Romark alss ihab LN-(&(_ cé SMb the' SP@Q:O.(
cose o) N-cbm when P does viob use 6 argument .



We oalso aek the same Q%umﬁons :
N -elim ()g Ko, X, 0) = %,
W -elim (X 1o, s, Suz.n) n (N-vec (x,x,,,xé,n)>

Of couse N-ree and WN-elim are not very ceadable. Ta practice,
we write  these dﬁ.@inﬂ:‘ioas usins Q%Mahuor\s, a.ﬁ_

2ecs = Mn=N). Veckor n
oy O = [

2eres  (ntd) : 0= (zews n)

Trotead of

An o N-elim (Vertor, [, An's AV, 022V, n)
;Dzsjotn(: Sums

We defined the natual numbers as the Tndackive type (smallest eye)

5orabed b 0:N gnd suc : N—=> N_ [kewie, we will dejp
Ax@® as tkg vaduckive EE}FL sa\ofateol bé in, - A— At®

ng = B—>AtD
THA: TLW Ty B‘—TS(XL forma{-_zo(\ rule
THRAB:Tupe

TFE:-A Trt-B tnbreduckion rules
FrinG):AtR TEing(b) - ATD
TP A+E)—JT T, ox:A b ta:Plingx)
T, %:BFE =P (\)“2,7') Trtu-A+B cimicabien rule

‘- l’ Sm‘ejim (.P/ t4/ E?./ M) = P W
sun-elim (P, £, b, Tng(a)) = &[4/ Compubzkion ruler

sum-elim (P, b4, £, iny(0)) = ;[b/a )



Enebti kype
The empty bype is the Zndmckive Eype 3an@ml',e0\ bé no(:hlr\é at all -

% l’ Ofmed
ko Doemabion cule
THL:=Type

o ontreducction  rules

TEP.1>Tupe TrHE:=L
FF enpty-eim (P,£) - Pt

elimination rule

no ompubakion  rule
Equali

To Pormulate non- Erivial ymathemabical statements | we should  have
egua ‘ty Tn our languade . Th classical sek Eheor eq.mlib s
Pa(t o% H\e \{(‘2) 3{@!\3:&0 e Q? ( ig, f(; ‘s nok reaué ol 5
mabhemal fcal obiect -~ Tn kype —keorb however Qguadity s Juok
anokhec ty pe. -

TVhA:Type T FE:A [FuA formabion rule

THE=, w: T&PQ‘ somebimes one woribea  T.(A b, w)
to emphasise Ehat (ks a tm;e_

As sudh, F‘c’(’w& of edualit between £ and n  corapord to
terms O-e £ E = . This means thak proals O.F eq,mltl.—a_ are
moakhemokical oblecks {n Ehelr own (tgh(;, and we car even talg
sbeuk egfua\l\:(zb bek ween eg(mll% proofs |

In & pe heor ) walt £ s also an T,nd,u(,tl\/a E pe 50‘56 ke O
oc A\QB: % ‘\1); z&& smbcxl[ebk relokion on A Eho {5 fe_eleyiv&-
As @ CDosegquene we, Se,{; a sfé\@‘le inktredumckion rule ,

X

cocr@\vowdmcé o a preaf of e Duil:z,

ChA:Tupe TEE-A ks duckion cule
FF re‘@l((:): (:=Al:




As an indmckive tﬁore, the eliminakion ryule £'°r egualitu  should
Jollow khe same kin 0(2 paltern g5 the eliminator ior Da

Assume  some  dependent l:a\oe P-A — Type and  assume  Ehat
we have some term t:Pax., Then, ¥ we wont to show
Pu for and teern g:A with e:zx =4, it sufllicea to shew
’d:lauohe//\ \35—._:1, an es ra@l(x) A‘é L\P‘Q

')(,:A ’ptA—-)-EjPe E-Px lA-A e:?’:hg' elimination rule
trarsp (A, % ,P,t,1,e)= ’Pté' ( Ecanspock))

Ecansp (A~ @ E, 2, r‘e‘gl(w\)) = L compubakion rule

This rule ggems a blE Olaunl::r\a ak ;@‘Crsk/ but it s not koo
(‘}EE_?E(JN[E to build an tatuition abeut tt - i says that Z£
we know  thot 2 =4, then Loe can subskibube. 2 wikh
Y n any o\epq,ndemt t{j‘m (we can 9° from P(x) to P(S))

This rule &s olread Suﬁfto&ml—, Eo prove thot egualiby is
summebric  ard Leancibive - For I;mnsﬁtivzt‘é , assuwm e A v

e hove e X =, and e’zzézh?”
Then b:) ué'u"% t(q/\?poft along e, ¥ e can substiEure Y w CEh
2 amé l:‘j‘aa, L@ we. QP;\% W ko ey, we 6&% Ehet

tansp (XY X =p Y'Y €, 2, ) = X =42

Thus eqy«xutﬁ & an eq,u:\/odence, rela(:tof\, which is reassur?rg,

We ace  almast done wilbh khe cules o,{ﬂ depandent type Eheory , but

we are  ckill missing oo debtol . E mlCt& Pcoo‘?s ace ™Math -
emakical dblecks in “heir own Fté?kl:, so we can have ESP%
that depend ™ on  egqualit proo,es_ o handle  these, we chould
skrenﬂthen he elimine€Ton vule o_? a.c,‘.ua\?tc\j a (Kkle bt ko
obk‘.‘a‘m H\e, N S rul.e »

%z A P:Tf(q‘-h).’b‘—l%j'fége E-Px efi(x) y:A e-x =0
T(Ax, P y,e):-Pye -
G'(A,x,P/(—,/'L/Tg_eL(x)) =t




Con d\AdCV\g remal ks

The d¢pemdw\t tm;e_ l;l'\e.o% Ehot we pre&@nted here s verg
close to Ewe theory tmplemented Roaq,_ This t:jpe U\eorg
is vewbral, n bhat “it  leaves mony® quest fons  open :

- X reasonmg bz) contcadickion allowed 9,

By de Mu‘ 1 d Md%t t Eheor s constru.cklue, meanin
ot 3“& caly tomy o %ﬁve a"a existentlal  statement cﬁ
to SUPPI a (.oncrebte. witness. TP we (want ko allow
prooks lou conkrodickion, we showld postulate classical
axiowms  Sach as the law of excluded middle

- (an @g‘mlitb proo_e hawe compwtakfono\\ content 7

Ta this minimel pe bheorg, We  Connok  prove the pr\‘r\ot’p(c

of Unigueness of Identié Proofs (UTP), which s ‘?orvmla&ec( o
-‘T("“T\‘)F”)- T(zy =A). (e er:z "7&%)- & = €2

Even n ensbructive sek theory Ehis prznciplef goes w'j;y_gwt Sq(\.jmgl
but it may be interesting Eo work uoltkowt/ most f\o(?abllzx In
hometopy “kype H\eora

- Ace :?.W\d:ions extensional 2

In plain type theory, we cannob even show the prinelple o1E
J@uv\d{hor\ extenstonalik , whicth saus ik two ‘{Zu,mkion.s arfe
egual i ond onla i{l they  send egrwzl ipuks  Eo e.q,ual outputs .
Podels thok negabe Junction exten.sionalib? are Quite race buk
may be we.?wl L,\Z one. s nkeragted in agorltkmk <omp(e¥565-

> Rowg stays newtmd  andl lefs the wer postulabte what Ehey need

- lean br\‘r\g)s Xupe. bnesc Y losec to set H\eo(‘(\j , bt) pob[:u\\ Dna_
classical loéfc, UIP and Lunction oxteasionalit

- Homokopﬁ kme kheocg Pos{:ulakgx univalence © Eo  allow ¥or
\rﬁgh@r, homobp%— (oherent malf'/lemat'\‘cs_



